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RESULTS O F  INCLUDING A BOUNDARY SHOCK WAVE IN THE 

CALCLJLATION OF THE FLIGHT PARAMEmRS OF 

A LARGE HIGH-SPEED MEmOR 

By E. Dale Martin 

Ames Research Center 

SUMMARY 

The r e s u l t s  of including a boundary shock wave i n  the  ca l cu la t ion  of t he  
f l i g h t  parameters of a la rge  high-speed meteor with rap id  vapor ab la t ion  are 
inves t iga ted .  The boundary shock wave, a t h i n  viscous region i n  a gas flowing 
r ap id ly  ( a t  high Reynolds number) ou t  of a sur face ,  i s  character ized by heat  
conduction and viscous-compressive s t r e s s e s  such a s  occur i n  a shock wave. 
The viscous e f f e c t s  represent  the  t r a n s l a t i o n a l  nonequilibrium induced i n  the  
extreme cases of very rapid vaporizat ion produced by absorption of in tense  
heat r ad ia t ion  a t  the  sur face .  

d 

Calculations f o r  t h e  p a r t i c u l a r  case of t h e  Ondrejov meteor PFibram use a 
These calculat ions,  d a t a  curve f i t t e d  graphica l ly  t o  t h e  meteor-tracking da ta .  

based on t h e  approximate t racking  da ta  and on gross  approximate equations 
descr ibing t h e  vaporizat ion;process ,  i nd ica t e  t h a t  t h e  proper range of condi- 
t i o n s  w a s  present  on t h e  PEbram meteor, f o r  a s i g n i f i c a n t  por t ion  of i t s  
t r a j e c t o r y ,  f o r  a very t h i n ,  s t rong boundary shock t o  occur a t  t h e  meteor 
sur face  i n  t h e  vapor, according t o  t h e  boundary-shock-wave theory.  The abla- 
t i o n  Reynolds number w a s  high, and s i g n i f i c a n t  r a t i o s  of dens i ty  and pressure  
across  t h e  boundary shock wave r e s u l t  from t h e  ca l cu la t ions .  The meteor 
entered t h e  atmosphere a t  about 20.9 km/sec. A t  an a l t i t u d e  of 55 km, where 
t h e  meteor radius  w a s  ind ica ted  i n  t h e  idea l ized  ca l cu la t ion  t o  be 18.6 cm, 
t h e  order  of magnitude of t h e  ca lcu la ted  boundary-shock thickness  w a s  i n  t h e  
order  of 1/1000 times t h e  e n t i r e  thickness  of the vapor l aye r ,  or about 
7x10'* cm. 
w a s  completely blocked by t h e  e f f lux  of vapor, an estimate according t o  t h i s  
theory ind ica tes  high hea t  conduction a t  t h e  surSace i n  t h e  boundary shock 
( a t  l e a s t  20 percent  as l a r g e  as the r a d i a t i v e  hea t ing ) .  

Although t h e  usual convective hea t  t r a n s f e r  from t h e  hot  a i r  l a y e r  

Accounting f o r  t h e  e f f e c t s  of t h e  boundary shock wave s u b s t a n t i a l l y  
decreases t h e  pressure  drag, but t h e  viscous-compressive drag is  high, s o  t h e  
e f f e c t i v e  drag coe f f i c i en t  (a t  least i n  t h i s  s impl i f i ed  ana lys i s )  i s  v i r t u a l l y  
unchanged by t h e  presence of t h e  boundary shock. Although hea t  conduction i n  
t h e  boundary shock i s  high, it i s  balanced by t h e  work of blowing off t h e  
vapor aga ins t  t h e  r e s i s t i v e  fo rce  due t o  t h e  viscous stress, and t h e  o v e r a l l  
heat ing of t h e  body is  l i t t l e  a f fec ted .  

Detailed ca l cu la t ions  of t h e  f l o w  about a l a r g e  high-speed meteor would 
be s i g n i f i c a n t l y  influenced by t h e  boundary-shock e f f e c t s ,  bu t  o v e r a l l  gross  



values  of the heat ing and motion parameters ca lcu la ted  by methods used 
recent ly  by H. J. Allen and N. A. James are v a l i d  because of t h e i r  use of 
appropriate  assumed values  of c e r t a i n  parameters. 

INTRODUCTION 

An inves t iga t ion  i s  undertaken to determine what poss ib le  e f f e c t s  a 
boundary shock wave may have i n  a s impl i f ied  ca l cu la t ion  of t h e  f l i g h t  param- 
e t e r s  of a l a r g e  high-speed meteor and t o  determine q u a l i t a t i v e l y  t h e  s i g n i f i -  
cance of including considerat ion of t h e  boundary shock wave i n  t h i s  
ca lcu la t ion .  
occurrence of t h e  boundary shock wave, a t h i n  region where viscous-flow 
e f f e c t s  predominate i n  t h e  rap id ly  ab la t ing  vapor very near t h e  molten sur face  
of a body, such as a meteor under c e r t a i n  condi t ions,  moving a t  a very high 
speed through t h e  atmosphere. The viscous e f f e c t s  i n  t h e  vapor are e f f e c t s  
of t h e  t r a n s l a t i o n a l  nonequ i l ib r im induced by t h e  very high r a t e  of vaporiza- 
t i o n  with i t s  a t tendant  high r a t e  of heat  conduction i n t o  t h e  body.' 
t h i n  viscous region at  t h e  body sur face  i n  t h e  vapor, viscous-compressive 
s t r e s s e s  (as i n  a shock wave), accompanied by hea t  conduction, would be 
present ,  i n  con t r a s t  t o  t he  viscous shear ing s t r e s s e s  present  i n  boundary- 
layer- type flows. 
is adjacent  t o  a w a l l  and has inv i sc id  flow on only one s i d e .  The thickness  
of t h e  viscous region becomes vanishingly s m a l l  as t h e  Reynolds number of t h e  
e f f l u x  becomes l a rge ,  as i s  t r u e  f o r  e i t h e r  a shock wave o r  a boundary l a y e r  
when t h e  appropr ia te  Reynolds number is  l a rge .  

A recent  t h e o r e t i c a l  s tudy (ref.  1) inves t iga ted  t h e  poss ib l e  

I n  t h e  

However, t h e  l a y e r  i s  much l i k e  a boundary l a y e r  i n  t h a t  it 

The rapid change of t h e  flow var iab les  across  a boundary shock wave could 
s i g n i f i c a n t l y  a f f e c t  t he  flow pa t t e rn  of t h e  vapor i n  f r o n t  of t h e  meteor. 
One would then be i n t e r e s t e d  i n  whether t h e  viscous e f f e c t s ,  i f  they occur, 
might a l s o  inf luence s i g n i f i c a n t l y  t h e  motion and heat ing of t h e  meteor. The 
purpose here ,  then,  i s  t o  inves t iga t e  a known phys ica l  s i t u a t i o n  having condi- 
t i ons  under which t h e  boundary shock wave would be poss ib le  (according t o  t h e  
theory of r e f .  1) i n  order  t o  determine t h e  e f f e c t s .  

The importance t o  aerodynamicists, whatare  concerned with hypervelocity 
continuum f l o w ,  of acquir ing and being ab le  t o  understand and i n t e r p r e t  t h e  
da t a  from f l i g h t  observations o f  meteors has been discussed recent ly  by 
Allen ( r e f .  2 )  and Allen and James ( r e f .  3 ) .  
phenomena can be appl ied t o  t h e  technology of high-speed miss i les  and space 
vehic les ,  aerodynamicists must have s u f f i c i e n t  understanding t o  p red ic t  a t  
l e a s t  approximately t h e  motion and heating of meteoric bodies with known 
c h a r a c t e r i s t i c s .  
successfu l  i n  t h i s  r e spec t .  

Before knowledge of meteor 

Recent a n a l y t i c a l  s tud ie s  ( s e e  r e f .  3 )  have been very 

In  t h e  ana lys i s  presented here ,  a t t e n t i o n  w i l l  be confined t o  s tone 
meteors with vapor ab la t ion  rapid enough t h a t  t h e  vapor flow divides  i n t o  

.- - 

1A more d e t a i l e d  desc r ip t ion  of bou-ndary shock waves i s  contained i n  t h e  
sec t ion  immediately following t h e  Introduct ion.  
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i nv i sc id  and t h i n ,  viscgus regions (see Analysis ) . 
t h e  0nd"rjov meteor P%.bram, a s tone  meteori te  t h a t  f e l l  i n  Czechoslovakia i n  
1-959, f o r  which t racking  d a t a  were obtained by t h e  Ondsejov Observatory 
( r e f .  4 )  and f o r  which t h e  m a s s  dens i ty  is known from recovered fragments. 
The PGZbram meteor undoubtedly had a high rate of vapor ab la t ion  over most of 
t h e  po r t ion  of t h e  t r a j e c t o r y  for which t h e  da t a  were taken, so  it i s  a good 
example f o r  t he  s tudy of t h e  boundary-shock e f f e c t s .  

O f  p a r t i c u l a r  i n t e r e s t  is 

Many idea l i za t ions  are made i n  t h e  ana lys i s  because of unknown phys ica l  
p rope r t i e s ,  but  t h e  order-of-magnitude r e s u l t s  obtained are expected t o  be 
q u a l i t a t i v e l y  use fu l .  Prec ise  ca l cu la t ion  of t h e  motion and heat ing of a 
l a r g e  high-speed meteor t o  determine t h e  e f f e c t s  of a boundary shock wave 
would requi re  d e t a i l e d  ana lys i s  of t h e  flow f i e l d  surrounding t h e  meteor. 
However, it w a s  deemed appropr ia te  t o  approach t h e  ca l cu la t ion  here  i n  much 
t h e  same manner as i n  reference 3. Rather than a d e t a i l e d  f low-f ie ld  analysis, 
then, t h i s  study uses t h e  meteor-tracking da ta  f o r  v e l o c i t y  and acce lera t ion ,  
which a r e  c a r e f u l l y  f i t t e d  graphica l ly  t o  w h a t  is  bel ieved t o  be t h e  most 
reasonable form f o r  t he  data curve. For t h e  ca l cu la t ion ,  a s e t  of equations 
t o  determine t h e  appropr ia te  meteor parameters i s  formulated, which includes 
use o f :  (1) t h e  previously derived r e s u l t s  of reference 1 f o r  t h e  equations 
r e l a t i n g  condi t ions across  t h e  boundary shock wave , (2 )  conservation equations 
and o ther  r e l a t i o n s  incorporat ing c e r t a i n  appropriate  assumptions about t h e  
flow around t h e  meteor, and ( 3 )  points  from t h e  curve f i t t e d  t o  t h e  meteor- 
t racking da ta  as input .  The approximate ana lys i s  assumes one-dimensional 
flow of t h e  ab la t ing  vapor and constant  average values of flow va r i ab le s  over 
t h e  meteor f a c e  and employs a shape f a c t o r  t o  account f o r  e i t h e r  a sphere or a 
f l a t - f a c e  body. 
except t h a t  t h e  shape f a c t o r  w a s  not needed before  ( s e e  below). More complete 
conservation equations than have been used previously are der ived.  These 
equations and t h e  de r iva t ion  contain usefu l  information not  obtainable  f rom 
l e s s  complete statements of t h e  conservation p r inc ip l e s .  

For gross  r e s u l t s  , such an approach i s  customary ( ref .  3)  

THE NATURE OF,  AND CONDITIONS FOR OCCURRENCE OF,  A BOUNDARY 
SHOCK WAVE LN RAPID VAPORIZATION 

A boundary shock wave is  most e a s i l y  understood as a region of 
t r a n s l a t i o n a l  nonequilibrium i n  a molecular flow a t  a very high rate out of a 
sur face .  (Adequate understanding of it the re fo re  requi res  some background i n  
t h e  bas ic  concepts of modern k i n e t i c  theory,  f o r  which t h e  reader  is r e fe r r ed ,  
e.g. , t o  r e f s .  5-7.) 

Trans la t iona l  nonequilbrium i n  a molecular 
macroscopically by the  " t r anspor t  proceskes" of 
Trans la t iona l  nonequilibrium i s  a l s o  induced by 
viscous s t r e s s  o r  heat  conduction i n ,  or at t h e  
gas flow. ( The familiar f luid-dynamic boundary 

f l o w  i s  manifested 
v i s c o s i t y  and heat  conduction. 
app l i ca t ion  of s i g n i f i c a n t  
boundaries of , any region of 
l a y e r  is a region of t r a n s l a -  

t i o n a l  nonequilibrium induced  by^ shear  a t  a w a l l ;  t h e  familiar gas-dynamic 
shock wave can be thought of as a region of t r a n s l a t i o n a l  nonequilibrium 
induced by t h e  d i f f u i o n  or mixing, and subsequent rap id  accommodation, of t h e  
molecules of one equi l ibr ium average state i n t o  a d i f f e r e n t  equilibrium 
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average s ta te ,  which necessa r i ly  e n t a i l s  hea t  conduction.) 
from any source of t r a n s l a t i o n a l  nonequilibrium, t h e  gas flow relaxes t o  a 
local-equi l ibr ium s ta te  (or decays t o  an " invisc id  flow").  
from any source . . .I1 is  equivalent t o  saying ' 'for a s u f f i c i e n t l y  l a rge  
Reynolds nwnber based on d is tance  from t h e  source" or t o  " for  a s u f f i c i e n t l y  
l a r g e  d is tance  f o r  d i f fus ion  of t h e  t r anspor t  phenomenal' ( c f .  ref .  8, 
e spec ia l ly  pp. 21-23). 

Su f f i c i en t ly  fa r  

"Suff ic ien t ly  far 

During vaporizat ion a t  a very high rate, produced by absorption of 
in tense  hea t  r ad ia t ion  and subsequent hea t  conduction back toward t h e  l i q u i d  
i n  t h e  vaporizat ion region, it is  expected t h a t  as t h e  vaporizat ion proceeds 
t o  a s u f f i c i e n t l y  high rate, t h e  associated heat  conduction w i l l  become s t rong  
enough t o  induce s i g n i f i c a n t  t r a n s l a t i o n a l  nonequilibrium i n  the  vapor as it 
leaves the  molten surface.  The t r a n s l a t i o n a l  nonequilibriwn i s  induced 
because of t h e  lag i n  t r ans fe r r ing  energy from t h e  molecular t r a n s l a t i o n a l  
degree of freedom normal t o  t h e  sur face  t o  t h e  la teral  degrees of freedom of 
the  molecules. The lag occurs because of t h e  spaces between t h e  molecules as 
they are separa t ing  i n  t h e  phase-change region. From k ine t i c  theory,  t h i s  
lag ,  or di f fe rence ,  i n  t h e  d i s t r i b u t i o n  of molecular energy i n  one d i r ec t ion  
from t h a t  i n  another  d i r ec t ion  i s  understood as t h e  essence of t r a n s l a t i o n a l  
nonequilibrium, including v i s c o s i t y  and heat  conduction. This t r a n s l a t i o n a l  
nonequilibrium (v i scos i ty  and heat  conduction) then requires  a c e r t a i n  number 
of c o l l i s i o n s ,  and hence a c e r t a i n  t i m e  and d is tance  of flow from the  w a l l ,  t o  
"equi l ibra te , "  or t o  relax t o  a condition of flow i n  l o c a l  t r a n s l a t i o n a l  
equilibrium ( inv i sc id  f low).  
boundary shock wave. 

The re laxa t ion  d is tance  is  the  thickness of t h e  

From t h e  Chapman-Enskog procedure of k i n e t i c  theory,  it i s  found t h a t  a 
flow i n  l o c a l  t r a n s l a t i o n a l  equilibrium is  governed by t h e  Euler equations 

inv isc id  flow and t h a t  regions of flow not  t o o  f a r  from l o c a l  t r a n s l a t i o n a l  
equilibrium a r e  adequately described by t h e  Navier-Stokes equations of viscous 
flow. 
shock wave (and of a downstream por t ion  of a s t rong  shock wave) i s  accura te ly  
described by a so lu t ion  of t h e  Navier-Stokes equations. 

It is  known (e.g. , r e f .  9) t h a t  t h e  s t r u c t u r e  of a s u f f i c i e n t l y  weak 

I n  a boundary shock wave t h e  viscous stress is  compressive ( r a t h e r  than 
shear ing)  as i n  a normal shock wave; and a l so ,  as i n  a shock wave, t h e  viscous 
d i s s ipa t ion  i s  accompanied by hea t  conduction back through t h e  gas flow. 
same equations govern t h e  flow through a plane boundary shock (or through a 
very t h i n  curved boundary shock) as govern the  flow through a shock wave. 
Reference 1 used the  Navier-Stokes formulation t o  obta in  t h e  conditions across  
a boundary shock, which are represented by equations given below i n  the  sub- 
sec t ion  "Equations f o r  Ablation Process and Boundary Shock Wave." I n  a p r i -  
v a t e  communication, Prof.  H. Schlicht ing has r e fe r r ed  t o  t h e  so lu t ion  f o r  t h e  
boundary shock wave given i n  reference 1 as "a . . . genera l iza t ion  of t h e  
known so lu t ion  f o r  t h e  normal shock wave." 
sense t h a t  a boundary a t  upstream i n f i n i t y  can be brought i n t o  t h e  region of 
t h e  rapid t r a n s i t i o n ;  or a l t e r n a t i v e l y ,  t h e  l imi t ing ,  o r  degenerate, case of 
a boundary shock wave as t h e  boundary moves upstream t o  i n f i n i t y  r e l a t i v e  t o  
t h e  rap id- t rans i t ion  region, o r  equivalent ly  as t h e  boundary shock "detaches" 
from t h e  w a l l  (as t h e  heat  conduction vanishes i n  a supersonic e f f l u x ) ,  i s  a 
simple shock wave. From another po in t  of view, a w a l l  can simply be in se r t ed  

The 

It i s  a genera l iza t ion  i n  t h e  



at  any poin t  i n  a simple shock-structure  so lu t ion ;  t h e  values of t h e  various 
f l o w  quan t i t i e s  a t  t h a t  po in t  are then t h e  boundary condi t ions,  and t h e  down- 
stream por t ion  of t h e  o r i g i n a l  shock s t r u c t u r e  then represents  t h e  s t r u c t u r e  
of a poss ib le  boundary shock wave. 

I n  reference 10, t h e  necessary and s u f f i c i e n t  condi t ions f o r  a boundary 
shock wave t o  occur were shown t o  be 

( a )  l a rge  Reynolds number based on condi t ions a t  t h e  boundary of 
t h e  vapor, and 

s i g n i f i c a n t  hea t  conduction or viscous s t r e s s  ( s i g n i f i c a n t  
t r a n s l a t i o n a l  nonequilibrium) a t  t h e  boundary. 

( b )  

More thorough discussion of boundary shock waves and t h e  development of t h e  
theory i s  contained i n  reference 10, including descr ip t ion  of t h e  asymptotic 
treatment of t h e  t r a n s l a t i o n a l  nonequilibrium f l o w ,  with emphasis on t h e  
boundary con&itions,  and including discussion of t h e  appropriateness of t h e  
equations used i n  t h e  approximate treatment of t h e  phase change. 

AJ!TALrY s IS 

General 

A l a r g e  meteoric body of t h e  type t h a t  would experience a high r a t e  of 
vapor ab la t ion  while moving a t  very high speed through the e a r t h ' s  atmosphere 
is  shown i n  sketch ( a )  .2 
would expect t he  instantaneous flow p a t t e r n  t o  be q u a l i t a t i v e l y  as shown i n  
the  sketch.  (The curved l i n e s ,  except t h e  one ind ica ted  as t h e  shock wave, 
a r e  s t reaml ines . )  
a l a r g e  high-speed s tone  meteor such as t h e  Ondsejov meteor Ppibram ( see  
r e f .  3 ) .  

If t h e  observer were moving w i t h  t he  meteor, one 

The very high r a t e  of vapor ab la t ion  is  t o  $e expected for 

2The meteoric body sketched is  near ly  sphe r i ca l .  Very l a rge ,  very high- 
speed meteors would be expected t o  have a near ly  sphe r i ca l  shape because of 
t h e i r  high r a t e s  of ab la t ion  and t h e i r  general  r o t a t i o n a l  motion. V i r tua l ly  
no sphe r i ca l  meteori tes  a r e  found, however, f o r  t h e  following reasons: 
Meteoric bodies t h a t  a r e  e i t h e r  too s m a l l  or too  s l o w  w i l l  not have experi-  
enced t h e  extreme ab la t ion  and hence w i l l ,  i n  general ,  be i r r e g u l a r  i n  shape 
( s e e  r e f .  11). 
without vaporizing completely w i l l  have fragmented a t  some poin t  of t h e  
t r a j e c t o r y  ( r e f .  11) and hence w i l l  a l s o  be i r r e g u l a r .  

Nearly a l l  ( i f  not  a l l )  t h e  f i r e b a l l s  t h a t  reach t h e  earth 
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Sketch (a). - Flow c o n r i m r a t i o n .  

Although a de ta i l ed  f low-field ana lys i s  i s  not  made here,  it is  important 
t o  understand t h e  q u a l i t a t i v e  s t r u c t u r e  of t he  flow. The following character-  
i s t i c s  of t h e  s t r u c t u r e  should be noted ( r e f e r  t o  both sketches ( a )  and ( b ) ) :  
A s tagnat ion poin t  exists a t  poin t  0, on t h e  in t e r f ace  between the hot  com- 
pressed a i r  and the  vapor ab la t ing  from t h e  meteor face .  
number p2u2dO/p2 (no ta t ion  is  defined i n  appendix A ) ,  t h e  flow of hot  com- 
pressed a i r  around t h e  meteor i s  e s s e n t i a l l y  inv i sc id  except f o r  t h e  very t h i n  
shock wave and a t h i n  l a y e r  a t  t h e  in t e r f ace .  For l a rge  Reynolds number, 
PbUbdi/pb, t h e  flow of meteoric vapor is a l s o  e s s e n t i a l l y  inv isc id  except f o r  
t h e  t h i n  viscous region a t  t h e  in t e r f ace  and t h e  t h i n  boundary-shock region 
( see  ref .  1). 
laye r ,  and t h e  boundary shock wave - may be t r e a t e d  as surfaces  of discont inu-  
i t y  of c e r t a i n  var iab les  i n  t h e  inv isc id  flow. It can be shown t h a t  only t h e  
pressure is  required t o  be continuous across  t h e  in t e r f ace  ( i n  t h e  inv isc id  
l i m i t ) .  Hence, t he  pressure po is  t h e  s tagnat ion  pressure on t h e  axial 
s t reamline between poin t  2 and poin t  e i n  sketch ( b ) .  

For l a rge  Reynolds 

The t h r e e  viscous regions - t h e  shock wave, t h e  i n t e r f a c i a l  

The high temperature a i r  i n  t h e  outer  shock l a y e r  r ad ia t e s  heat  t o  t h e  
meteor sur face  a t  a high rate. The l a rge  energy f l u x  t o  t h e  sur face  produces 
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l l  
m l  l 2  

w 
VISCOUS shock wave 

- 
Viscous in ter fac ia l  loyer Viscous boundary 

shock wove 

Sketch (b).- Viscous and inv isc id  regions i n  f low near body axis. 

the  high r a t e  of vapor a b l a t i ~ n . ~  
assumed t o  be t ransparent  t o  r ad ia t ion ,  and the  r ad ia t ion  i s  assumed t o  be 

3For small  o r  r e l a t i v e l y  s l o w  meteors, heat ing by f r i c t i o n  with the a i r  
(convective heat ing)  produces ab la t ion  o f  the meteor surface.  I n  the  case o f  
the  f i r e b a l l ,  a t  l e a s t  i n  the  major po r t ion  of the  t r a j e c t o r y  where the hea t -  
ing i s  most in tense ,  the  meteor i s  being heated not by f r i c t i o n  with the a i r  
but  by heat r a d i a t i o n  f r o m  the  highly compressed a i r  behind t h e  shock wave. 
Heating by f r i c t i o n ,  o r  convective heat  t r a n s f e r  t o  the  body, i s  almost non- 
e x i s t e n t  i n  t h i s  case, as  w i l l  be seen l a t e r .  However, an add i t iona l  source 
of heat  conduction i s  considered here: t he  viscous d i s s ipa t ion  assoc ia ted  
with the  t r a n s l a t i o n a l  nonequilibrium i n  the  t h i n  region adjacent t o  the  
l i q u i d  layer .  

The hot a i r  and vapor are  a r b i t r a r i l y  

-- - -  - .  . -  . -  __ - 
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absorbed wi th in  a very sho r t  dis tance ins ide  the  l i q u i d  surface.  Radiation 
absorption by the  vapor may be important. However, 

(a )  The r ad ia t ion  proper t ies  of t h e  vapor are unknown; therefore ,  some 
assumption must be made i n  order t o  study the  q u a l i t a t i v e  f ea tu res  of the  
flow; 

(b)  Neglect of t he  absorption by the  vapor simply changes the  magnitude 
of the  r ad ia t ion  absorbed a t  the  l i q u i d  surface,  which should not a l te r  the 
q u a l i t a t i v e  r e s u l t s  unless  the  amount of r ad ia t ion  received by the  body i s  
changed by orders  of magnitude; 

( e )  The vapor i s  a t  a much lower temperature than the  hot a i r  i n  the 
outer  layer ,  which tends t o  decrease the  importance of absorption by the  vapor. 

Since the  meteoric-stone mater ia l  has low thermal conductivity,  only the  
surface i s  a t  the  vaporization temperature; it i s  assumed t h a t  vapor forms 
only a t  the  surface,  and l i t t l e  o r  no bubble formation i s  expected t o  accom- 
pany the  "boi l ing o f f "  of the  vapor. I n  addi t ion,  the  high v i scos i ty  of the  
molten meteoric stone prevents t h e  spraying of l i q u i d  drops along with the  
e f f lux  of vapor ( r e f .  1 2 ) .  

Allen ( r e f .  3) has pointed out  t h a t  meteors of the  type considered here 
tend t o  be spherical ,  bu t  may be somewhat f l a t t e n e d  by ab la t ion  due t o  la rge  
r a t e s  of r ad ia t ive  heating (see sketch ( a ) ) .  
t o  obta in  only gross e f f e c t s ;  we therefore  take advantage of t he  g rea t  s impli-  
f i c a t i o n  provided i n  t h e  ana lys i s  by roughly approximating the flow as  being 
one-dimensional near the meteor surface.  That i s ,  we take constant values f o r  
the  var iab les  over t he  meteor face and consider t he  a rea  of  the meteor face  t o  
be equal t o  the  c ross -sec t iona l  mea ,  R r b 2 ,  f o r  t he  purpose of computing drag 
and heat t r a n s f e r  t o  t h e  body. The f l a t t e r  the  face,  the  more near ly  constant 
a r e  the  var iables ,  so  t he  r e s u l t s  would be most appl icable  t o  a f l a t - f a c e  body 
of a rea  firb2. The appl ica t ion  t o  a spher ica l  body may be made i n  an approxi- 
mate way by introducing a shape f ac to r ,  as described i n  the next sec t ion .  The 
one-dimensional approach described above i s  equivalent  t o  the  approach used by 
Allen and James ( r e f .  3 ) ,  who obtained cons i s t en t ly  good r e s u l t s  i n  general .  
However, Allen and James did not  need t o  use t h e  shape f a c t o r  f o r  t h e  sphere, 
s ince they assumed an e f f e c t i v e  drag coe f f i c i en t  equal t o  uni ty ,  which i s  
appropriate t o  a sphere, so t h a t  a shape f a c t o r  was e f f e c t i v e l y  "bu i l t  i n . "  
I n  the present  analysis ,  t he  drag coe f f i c i en t  w i l l  be ca lcu la ted  r a t h e r  than 
assumed, so, as w i l l  be seen, the  shape f a c t o r  i s  needed here and i t s  use 
y i e lds  cons is ten t  r e s u l t s .  

Moreover, t he  present  des i re  i s  

With t h i s  background, a procedure can now be formulated t o  ca l cu la t e  
approximately the  e f f e c t s  of t he  boundary shock wave on the  meteor f l i g h t  
parameters. 
t ab l e  I) w i l l  be used, where 

The a l t i t ude -dens i ty  function, iS; of reference 3 (see a l so  

P, = PSLP 

i s  the  ambient dens i ty  a t  a l t i t u d e  h and 
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PSL - - 1.225~10~~ gm/cm3 ( 2 )  

i s  the  ARDC standard atmosphere dens i ty  a t  sea  level  ( r e f .  13) .  The dens i ty  
r a t i o  across  a normal shock wave (needed i n  t h e  ca lcu la t ions  that  follow) i s  
approximately equal  t o  the  r a t i o  of t he  ambient-stream dens i ty  t o  the  stagna- 
t i o n  dens i ty  behind the  shock and, hence, i s  given for V > 7 . 5 X l O 5  cm/sec by 
the approximate r e l a t i o n  (c f  . r e f .  14, p. 5 0 )  

To compute the  heat  r ad ia t ion  inc ident  on t h e  meteor face ,  one needs t o  
know the  volume of the  ou te r  shock layer .  For a sphe r i ca l  nose a t  high hyper- 
sonic Mach number, t he  r a t i o  of t he  shock standoff d i s tance  t o  the  sphere 
radius  i s  given approximately by L i g h t h i l l ' s  so lu t ion  ( re f .  15). 
present  case, t he  air-vapor in t e r f ace  would be the  equivalent  body, so tha t ,  
assuming the  in t e r f ace  t o  be near ly  spher ica l  (see sketch ( a ) ) ,  one can 
approximate the  outer  standoff d i s tance  do by a form equivalent  t o  
L i g h t h i l l ' s  solut ion.  Using the  d e f i n i t i o n  

In  the 

do - - r D  - 1  
ri 

where 

ri M rb (5) 

one can obta in  5 i m p l i c i t l y  as the  appropriate  root  of 

- 
A 3 3 ( 1  - k)2  + 5(4E - l ) D 2  + 2(1 - G)(1 - 6K)D5 = o (6) 

For the  r ad ia t ion  r a t e  per u n i t  volume of the outer  shock l aye r ,  which we 
denote as I, the  r e l a t i o n  given i n  reference 14, approximately da l id  f o r  
V > 13.7xlO5 cm/sec, i s  

(Resul ts  obtained from use of t h i s  equation should be considered i n  t he  l i g h t  
of the  qua l i f i ca t ions  made by t h e  authors of reference 1 4 . )  
discussion above, and with the  assumption t h a t  one -half the r ad ia t ion  emitted 
by  the  outer  shock l aye r  impinges on t h e  body, we represent  the  t o t a l  r ad ia -  
t ive  heat ing ra te  t o  a sphe r i ca l  body with a f l a t t e n e d  face  as 

In  view of the 
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and def ine t h e  r a d i a t i v e  -heat - t r ans fe r  coeff i c i e n t 4  as 

Since do/% i s  known from equations (4 )  (5 )  and (6),  t he  value of 
(CHr/ rb) f r  a t  any a l t i t u d e  f o r  a f l a t - f a c e  body is  found from 

rz) =+3($)=p I (a - 1) 
f f  

where V i s  t o  be  obtained from the  meteor da ta .  

The e f f e c t  of t h e  fo rces  (o ther  than body fo rces )  t h a t  produce the  
changes i n  motion of t he  meteor may be represented parametr ical ly  by an e f f ec -  
t i v e  drag coe f f i c i en t  ( c f .  re f .  3)y defined by  the  r e l a t i o n  

where the  meteor mass m i s  approximately 

and om i s  the  mass dens i ty  of the  meteor. (See t a b l e  I1 f o r  the physical  
constants needed i n  t h i s  and o ther  se:tions below. The value 
corresponds t o  the Ond?ejov meteor PGibram ( r e f .  3) and i s  a l so  near ly  equal 
t o  the  value 3 .4  used by Gpik ( r e f .  12) f o r  t y p i c a l  s tone  meteors . )  
equations (11) and (12), Qeff/% 

pm = 3.5  gm/cm3 

From 
i s  known: 

I n  the  ca l cu la t ion  it i s  convenient 

-. 

4The r e f l e c t i v i t y  of t he  vaporizing 
because it i s  not  known. 

t o  use the  quant i ty  

v (2) 
'Defy 
rb 

.. 

surf ace material was disregarded 
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where 
That r e l a t ionsh ip  w i l l  be considered l a t e r .  An expression f o r  pe, the  
pressure outs ide  the  boundary shock wave, w i l l  a l so  be needed. Note f i r s t  
t h a t  t h e  pressure a t  t h e  s tagnat ion  poin t  0 i s  the  s tagnat ion pressure along 
the  l i n e  2-0-e i n  sketch (b) and i s  given approximately by 

CH,, f o r  a body t h a t  does not have a f l a t  face,  i s  r e l a t e d  t o  ( C H , ) ~ ~ .  

Po = P,V2 

Then t h e  r a t i o  of t h e  pressure 
terms of  t h e  Mach number outs ide  the  boundary shock wave, G, and the  r a t i o  of 
s p e c i f i c  hea ts  i n  the  vapor, y (assumed constant) ,  as  ( e . g . ,  c f .  r e f .  16, 

pe t o  the  s tagnat ion pressure i s  given i n  

P. 53) 
--Y 

Based on 
the  equations 
t h e  following 

the  genera l  ideas  and formulations developed i n  t h i s  sect ion,  
needed t o  determine the  f l i g h t  parameters w i l l  be presented i n  
sec t ions ,  which include a summary of the  ca l cu la t ion  procedure. 

Shape Factor 

I f  the  one-dimensional ana lys i s  with constant var iab les  on t h e  meteor 
face  i s  used f o r  f l o w  near t h e  meteor surface,  t he  r e s u l t i n g  equations a re  
most appropriate  t o  a f l a t - f a c e  body unless  an assumed value of 
appropriate  t o  a sphere i s  used, a s  done by Allen and James i n  reference 3. 
When the  value of i s  n o t  assumed, an appropriate  shape f a c t o r  must be 
used, if the  equations a r e  t o  be appl ied t o  a near ly  spher ica l  body, t o  insure 
r e a l i s t i c  r e s u l t s .  

CDeff 

To derive a reasonably r e a l i s t i c  shape f a c t o r ,  consider the  following: 
Suppose a sphere and a f l a t - f a c e  body have the same cross-sec t iona l  area,  fir2, 
and t h a t  some var iab le  $ on the  surface has a constant  value +o on t h e  
f l a t  f ace  normal t o  t h e  flow and va r i e s  as 

over the  f r o n t  ha l f  of t he  sphere, where cp i s  the  angle between the  axis, 
c r  stream d i r ec t ion ,  and a r a d i a l  l i n e  of t he  sphere through a point  on the  
surface.  Let Y be the  in t eg ra t ed  value of 4 f  over the  f r o n t  surface a rea .  
Then, f o r  the  f l a t  face,  

\Yff  = rcr2+, 

and, f o r  t he  sphere, 
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= m2qo L*l2 2 cosn cp s i n  cp dcp 

Suppose now one wants t o  compute the t o t a l  r a d i a t i v e  heat t r a n s f e r  t o  the 
surface f o r  a heat  f l u x  t h a t  va r i e s  approximately a s  
r a d i a t i v e  -heat - t r a n s f e r  c o e f f i c i e n t s  would then be r e l a t e d  by 

qo cosn c p .  The 

2 - -  - 
(CHr)sphere n + 1 ( C H r ) f f  

where ( C H , ) ~ ~  Now l e t  the  rad ia t ive-hea t -  
t r a n s f e r  coe f f i c i en t  t o  be ca lcu la ted  f o r  t he  meteoric body be represented by 

i s  given by equation (9) or (10). 

where SH i s  a shape f a c t o r  f o r  heat  t r a n s f e r .  I f ,  f o r  example, the  body i s  
a sphere and i f  the  r a d i a t i v e  heating r a t e  va r i e s  a s  
i n  equation (20a) ( c f .  f i g .  9 of r e f .  17), then SH = 2. Thus, 

cos3 cp, f o r  which n = 3 

i SY = 2 f o r  sphere wi th  qr/qro = cos3 cp 

- 1 f o r  f l a t - f a c e  body - 
Similar ly ,  suppose one wants t o  compute drag due t o  a fo rce  per u n i t  a rea  
normal t o  the surface t h a t  va r i e s  approximately as 
assumption; t r u e  f o r  Newtonian f low) .  
t o  the axis would be 
drag of a sphere t o  be one-half the  value on the f l a t  face  (s ince 
Thus, assume 

q0 cos2 cp ( a  reasonable 
Then the  fo rce  per u n i t  a rea  p a r a l l e l  

Using equation (lg), one then f i n d s  the  q = Jro cos3 c p .  
n = 3) .  

where the shape f a c t o r  f o r  drag, sD, i s  

I sD = 2 f o r  sphere 

SD = 1 f o r  f l a t - f a c e  body 
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Further,  for convenience and i n  v i e w  of equations (21a) and (21b), consider a 
coimon shape f a c t o r  f o r  hea t  t r a n s f e r  and drag: 

s = s ? I = s  D (21c) 

An appropriate value f o r  

‘Deff 

s may be determined a? t h a t  value which causes 
t o  be u n i t y  a t  high a l t i t u d e .  For t h e  P?ibram meteor, 

s = 2  (21d) 

gives  t h i s  resu l t .  

The quan t i ty  Z i n  equation (14) i s  now 

1 S v c$)ff 
Conservation Equations f o r  Meteor Motion and Heating 

Now consider an equivalent  f l a t - f a c e  body with uniform values of flow 
parameters over the  meteor face ,  f o r  which we want t o  wr i t e  one-dimensional 
flow conservation equations.  The one -dimensional equations of conservation 
of mass, momentum, and energy of t h e  meteoric body can be developed i n  several 
ways. One de r iva t ion  i s  given i n  appendix B f o r  conditions and assumptions 
corresponding t o  the  desc r ip t ion  i n  the above sec t ion .  I n  appendix B the  
conservation p r i n c i p l e s  a r e  combined i n t o  equations (B8a)  and (B28) which may 
be designated, respect ively,  as the  momentum equation and the  energy equation. 
These may be wr i t t en ,  neglect ing i n  comparison t o  uni ty ,  as %/ps 

where cab i s  given by equation (~16) as 

where Ta i s  t h e  cold i n t e r i o r  temperature of t he  meteor. The c ross -  
s e c t i o n a l  area A i n  equation (23) i s  firb2, i n  l i n e  wi th  t h e  above discus-  
s ion .  The subsc r ip t  b denotes the value of a quan t i ty  i n  the  vapor flow at  
t h e  boundary, t h e  molten surface of the meteor. The no ta t ion  i s  defined i n  



appendix A, bu t  we po in t  out here f o r  convenience t h a t  
ve loc i ty  relative t o  t h e  boundary surface,  
a t  the  boundary, and qcb 
(see re f .  1). 
f u r t h e r  r e s u l t s  are discussed i n  appendix C . )  

ub i s  t h e  vapor 

Tb t h e  viscous compressive s t r e s s  
t he  associated heat  conduction a t  t he  boundary 

(Some of the  previous equations are discussed i n  appendix B; 

To put these  equations i n t o  a form t h a t  can be used i n  t h e  present  
calculat ion,  we use the  de f in i t i ons  ( c f .  eqs .  (9) and (11)) : 

It i s  a l so  convenient t o  make the  approximation 

qc = 7-u 

and, i n  pa r t i cu la r ,  

N 

and are  approximately t r u e  i n  general  f o r  Pr  1 (see r e f .  l), where 1-1 i s  
the shear-viscosi ty  coef f ic ien t ,  t he  bulk v i s c o s i t y  coef f ic ien t ,  k the  
coe f f i c i en t  of thermal conduct ivi ty  i n  t h e  vapor, s d  cp the spec i f ic  heat 
a t  constant pressure i n  t h e  vapor. Note t h a t  if P r  = 1 and K = 0, the  
Prandt l  number, pcp/k, i s  then 3/4. 
may be approximated f o r  some p u z o s e s  a s  a pe r fec t  diatomic gas ( see  r e f .  l), 
so tha t ,  i n  f a c t ,  Pr NN 3/4 and Pr NN 1 f o r  t h i s  case.  
subs t i tu ted  i n t o  (26) with use of ( q b ) ,  t ake  t h e  forms: 

The vapor from a t y p i c a l  stone meteor 

Equations (23) and (24), 

where 
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ub2 
Mb2 = Y p b / p b  (33) 

and y We may now obta in  
a second expression f o r  Z (c f .  eq. (14 ) )  by dividing VCH, from equation (30) 

i s  t h e  r a t i o  of s p e c i f i c  hea ts  i n  t h e  vapor, cp/cv. 

from (29) and (20). For convenience i n  performing an i t e ra t ive  by %ff 
ca l cu la t ion  ( t o  be described l a t e r ) ,  l e t  us  denote t h i s  
use equation (33) and t h e  perfect gas equation of s ta te  

t o  e l iminate  uby pb, and p,,. The r e s u l t  i s  

which i s  t o  be s e t  equal  t o  Z i n  equation (14’)  (p .  13  
ca l cu la t ion  . 

Equations f o r  Ablation Process and Boundary 

expression by Z’ and 

(34) 

) f o r  t he  f i n a l  

Shock Wave 

Ablation process . -  The temperature % a t  which the vaporizat ion 
(bo i l ing )  takes  place depends d i r e c t l y  on the  pressure t o  be overcome by the  
molecules escaping from the l i q u i d  ( e .g . ,  r e f .  18, p. 88) and a l s o  on any 
s ign i f i can t  f i n a l  viscous s t r e s s  ( see  appendix B of r e f .  1); t he  mass f lux ,  o r  
the  rate of vapor ablat ion,  depends d i r e c t l y  on the  number of l i qu id  molecules 
near t he  surface t h a t  have s u f f i c i e n t  energy t o  escape the l i q u i d  and on 
t h e i r  v e l o c i t i e s .  The dependence of the  temperature of vaporizat ion Tb on 
the t o t a l  cotnpressive s t r e s s ,  pb - Q, f o r  the  phase t r a n s i t i o n  a t  constant 

t o  be supplied approximately by the modified Clapeyron’ s 
i n  r e f .  1) i n  t he  form 

temperature i s  taken 
equation (appendix B 

For the model of t y p i c a l  meteoric stone used by 6pik ( re f .  12) t h e  mean 
normal b o i l i n g  po in t  (bo i l ing  temperature a t  a pressure of 760 mm Hg, o r  
1.01y106 dynes/cm2) i s  29600 K. 
equation (3&), so tha t ,  us ing L, and R from t a b l e  11, we obta in  the  
following expression f o r  Tb as a func t ion  of %: 

This can be used as t h e  reference poin t  i n  



Th 36,500 

The r e l a t i o n  used by 6pik ( r e f .  12, p .  24) t o  represent  t h e  vaporizat ion 
ra te  i s  

where (l/2)Tx i s  the  average molecular-velocity component normal t o  t h e  
surface i n  t h e  fx direct i .on.  For meteoric stone ( r e f .  12, p.  161), t h i s  
reduces t o  

1/2 
P, 'lo K 

(1 dyne eme2) (x) pbub 
1 gm s e c - l  

- - ) = 3.08x10-~ 

which, with use of equation (34),  becomes simply 

where the  constants  from t a b l e  II have been used. 

Boundary shock ~ wave. - A t  t h i s  p o i n t  w e  note  t ha t ,  with equations (3611) 
g, and Ch,, which and (38); Z' 

a r e  s t i l l  unknown. Since J!$ i s  known and pe i s  known i n  terms of M, 
(eq. (16 ) ) ,  it i s  obvious t h a t  equations f o r  t h e  conditions across  the  bound- 
a r y  shock wave ( i . e . ,  conditions r e l a t i n g  
and f o r  Ch, a r e  needed. If we define t h e  dens i ty  r a t i o  across  t h e  boundary 
shock wave as 

i n  equation (35) i s  determined i n  terms of 

&, pe, e t c . ,  t o  Mb, p+, e t c . )  

w e  can write t h e  following r e l a t ionsh ips  (developed i n  re f .  1) : 

16 



chc = [a (1 + &) - (. + &)I 
Construction of Data Curve 

To use the  equations given above f o r  ca lcu la t ing  the meteor f l i g h t  
parameters, one needs t o  know the  values f o r  veloci ty ,  V, and accelerat ion,  
dV/dt, as w e l l  as g s i n  0 ,  a t  each a l t i t u d e ,  h. One of the most d i f f i c u l t  
problems of a s tudy such a s  the  present  one i s  how b e s t  t o  use the  meteor- 
t racking  da ta .  The da ta  f o r  ve loc i ty  versus a l t i t u d e  are given i n  table I11 
(taken from ref .  4, t a b l e  7 ) .  The data curve ( f i t t e d  t o  the data  poin ts )  
must give phys ica l ly  reasonable r e s u l t s .  Least-squares f i t s  (see r e f .  3 )  have 
giyen r e a l i s t i c  r e s u l t s  i n  the p a s t  except i n  the  case of OndEejov meteor 
Pyibram, f o r  which the re  w a s  some d i f f i c u l t y .  The shape of the curve f i t t e d  
t o  the  da ta  appears t o  be e spec ia l ly  important i n  the  upper p a r t  of the t ra -  
jectory,  where the  acce lera t ions  are s m a l l .  If one da ta  poin t  i s  s i g n i f i -  
can t ly  i n  e r r o r  o r  i f  some supposedly s m a l l  f a c t o r  i s  neglected, t he  r e s u l t s  
can be  a f f ec t ed  s ign i f i can t ly .  

The view i s  taken here t h a t  t he  da ta  curve must b e s t  f i t  t he  t racking 
da ta  and a t  t he  same time y i e l d  a phys ica l ly  possible  r e s u l t  ( i n  pa r t i cu la r ,  
a nonincreasing r ad ius ) .  I n  construct ing the  da ta  curves of h versus V, 
c e r t a i n  appropriate  assumptions can be made t h a t  allow one t o  ca lcu la te  
approximately the  slopes near t he  top  of the  t r a j e c t o r y  f o r  d i f f e ren t  values 
of an assumed i n i t i a l  radius ,  Q*. Then, using these slopes a s  guides, one 
can graphica l ly  f i t  a curve t o  the  data. This i s ,  i n  e f f ec t ,  a combination of 
f i t t i n g  a curve graphica l ly  t o  the da ta  and using "approximate i soc l ines"  t o  
determine t h e  shape of a por t ion  of the  curve. O f  t he  r e su l t i ng  curves f o r  
d i f f e r e n t  q,*, t h a t  value i s  used f o r  which the  r e s u l t s  a re  most cons is ten t  
along w i t h  the  b e s t  apparent f i t  t o  the  data .  

The procedure f o r  construct ing the  data curve i s  as follows: The data ,  
given i n  t ab le  111, are p lo t t ed  i n  f i g u r e s  l ( a )  through ( f ) .  
t a b l e  I11 t h a t  V does not change s ign i f i can t ly ,  e spec ia l ly  between, say, 
h = 90 and 65 km. 
Also assume C D ~ ~ ~  does not change much from u n i t y  and rb does not change 
much from i t s  i n i t i a l  value, rb*, i n  t h i s  a l t i t u d e  range. These assumptions 
w i l l  be j u s t i f i e d  by the ca lcu la ted  r e s u l t s .  
From equation (13) we then have the  approximate r e l a t i o n  f o r  the  top  p a r t  of 
the  t r a j e c t o r y  (90 t o  65 km a l t i t u d e ) :  

Note from 

For t h i s  a l t i t u d e  range, assume V = V* = 2 0 . 8 7 ~ 1 0 ~  cm/sec. 

From reference 3, s i n  e = 0.6853. 
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Figure 1.- Graphfcal f i t  to ;racking data of 
Ondpe jov meteor PFibram. 
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Using a l s o  

- dV = -V s i n  8 - dV 
d t  dh 

w e  then ob ta in  f o r  t h e  approximate s lope of t h e  h, V curves: 

h 

o r  

( 44) 

(45) 

With 
dV/dh 
these values, slopes were drawn on p a r t s  (a )  through ( f )  of figure 1. The 
best  curve was drawn through t h e  po in t s  guided by these  slopes.  Since two 
da ta  po in t s  (data from two d i f f e r e n t  cameras) a r e  given f o r  h = 76 km t h a t  
a r e  very c lose ,  those po in t s  were assumed t o  be accurate .  On t h e  other  hand, 
the  t o p  data po in t  ( h  = 88 km) was v i r t u a l l y  ignored. It was impossible t o  
ob ta in  r e a l i s t i c  r e s u l t s  using t h e  t o p  da ta  po in t .5  The da ta  t o  be used as 
input ( V  and dV/dt) were then obtained from f i g u r e  1 f o r  each 
ur ing the slopes and using equation ( 4 5 ) .  

(from t a b l e  I) and var ious values of I&*'.) approximate values of  
were ca l cu la t ed  from equation (46b) and are l i s t e d  i n  table I V .  From 

q,* by meas- 
The values are l i s t e d  i n  table  V. 

Calculat ion of F l i g h t  Parameters 

For convenience, sketch ( c )  shows the  o v e r a l l  scheme f o r  ca l cu la t ing  the  
f l i g h t  parameters. 

Some parameters of i n t e r e s t  t h a t  can b e  calculated,  i n  add i t ion  t o  those 
already defined, are: the  pressure drag c o e f f i c i e n t ,  

% 
cDp = (47) 

- __ __ . . . . - - __ . - . . - - - __ - 
'Note t h a t  t h e  da t a  curve of Allen andJames ( re f .  -i f o r  t h e  same da ta )  

a l s o  appears t o  disregard the t o p  po in t .  Note a l s o  that  t h e  two top  d a t a  
po in t s  of table I11 were obtained with a camera d i f f e r e n t  f r o m t h a t  used t o  
ob ta in  t h e  remaining po in t s .  



.- 

Meteor-tracking data:  h versus V and dV/dt (curve graphica l ly  
f i t t e d  t o  the  da t a ) ;  and s i n  8 

Alti tude-densi ty  funct ion:  versus h 
- 

Approximations f o r :  - 
Shock dens i ty  r a t i o ,  k 
Shock standoff function, b 
Radiation ra te  per  u n i t  volume of hot  a i r  layer ,  I 
Stagnation pressure,  po 

I sen t ropic  r e l a t i o n  between s tagnat ion pressure,  po, and pressure 
outs ide the boundary shock wave, pe 

.~ 

One-dimensional conservation equations f o r  meteor motion and 

Vaporization equations and stone-meteor constants  from b’pik’ s datE 

Equations for conditions across  the  boundary shock wave 

heating, using the  shape f ac to r ,  s ,  f o r  sphere 
- 

~ - 

- -  

I 
- 

Sketch ( c )  . - Summary of c a l c u l a t i o n .  

the  drag coe f f i c i en t  due t o  the  viscous-compressive stress, 

the  contr ibut ion t o  t h e  t o t a l  C D ~ ~ ~  due t o  the  r e t r o t h r u s t  of the  vapor, 

and the heat  - t ransfer  coe f f i c i en t s  : 

I n  equations (47) through (5O), t he  shape f a c t o r  has been used f o r  consistency 
with equations (20b) and (22) .  
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The d e t a i l e d  ca l cu la t ion  procedure, including s e v e r a l  simple a u x i l i a r y  
expressions t h a t  need no comment, i s  out l ined  i n  appendix D.  The ca lcu la t ions  
w e r e  performed on an IBM 7094 e lec t ron ic  da ta  processing machine. 

RESULTS AND DISCUSSION 

A s  ou t l ined  under "Construction of Data Curve," the  i n i t i a l  meteor radius  
i s  t h a t  value of t he  assumed i n i t i a l  radius,  Q*, which gives the  most consis- 
t e n t  r e s u l t s  along wi th  t h e  b e s t  da ta  f i t .  rb* 
a r e  given i n  f i g u r e  I, and t h e  r e s u l t i n g  curves f o r  va r i a t ions  of Q with h 
f o r  the various 

The da ta  curves f o r  various 

r,* ( ca l cu la t ed  a s  out l ined  above and i n  appendix D )  a r e  
LJ 

shown i n  f i g u r e  2. For rb* 
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Figure 2 . -  Var ia t ion  of meteor rad ius  with a l t i t u d e  ( s  = 2 ) .  
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before decreasing. For rb* grea te r  than 25 em, the  da ta  f i t  does not appear 
t o  be a s  good a s  f o r  20 em. 
r e s u l t s ,  so the  remaining r e s u l t s  given here correspond t o  (The 
data,  l i s t e d  i n  t a b l e  V(c), a re  taken from f i g u r e  l ( c )  . )  Although the  s i z e  of 
t he  main body of the  meteor, before  i t s  fragmentation a t  lower a l t i t u d e s ,  i s  
very uncer ta in  ( see  r e f .  4), it i s  bel ieved t h a t  t h e  radius  computed here i s  
too low. This r e f l e c t s ,  ce r t a in ly ,  the approximate nature  of these ca lcu la-  
t i o n s  and, probably, inaccuracy and u n c e r t a i n t i e s  i n  the  o r i g i n a l  meteor data .  
The r e s u l t s  here would be improved if  the  shape f a c t o r ,  s, decreased from two 
toward u n i t y  with decreasing a l t i t u d e ,  so t h a t  
would then decrease more slowly and have a l a r g e r  f i n a l  value.  

It appears t h a t  Q* = 20 em gives the  b e s t  
rt,* = 20 em. 

Qeff would increase;  rb 

90 

80 

70 

h 
I km 
- 

60 

50 

40c 

- 
boundary shock wave ( e . g . ,  pe/%; see 
f i g .  4) a r e  g rea t e r  than uni ty ,  and 

- (3) t he  vapor -f low Reynolds number, 
bubdi/Pb (where d i  and Eb were 
est imated roughly; see appendix E ) ,  i s  
much g r e a t e r  than un i ty .  
tudes l e s s  than about 65 km, hubdi/& 
i s  of order  lo2 o r  g rea t e r ;  see (' __ Tb\\ appendix E . )  The boundary shock wave 
i s  considered t o  be s t rong because of 
t he  la rge  values of 
The ca lcu la ted  temperature change 
acyoss the  boundary shock wave on the  

(For a l t i -  
\\ 

- &/-- 
/ --\ \ 

~. 
104 cm/sec 

- 

IOOO'K 
Ch, and pe/+,. - 

( a )  I I I I PFibram meteor i s  small because the  

90 - 90 - 

Pressure, dens'ty 

(b )  Pressure,  dens i ty .  

Figure 3.  - Vapor-flow va r i ab le s  a t  the  meteor- 
vapor boundary (rb+ = 20 cm, s = 2 ) .  

Figure 4 . -  Conditions across the  boundary shock 
wave on the  meteor (rb* = 20 em, s = 2 ) .  
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The v a l i d i t y  of the equations used f o r  t he  boundary shock wave depends on 
The results t h a t  depend on t h e  boundary- R% f &ubdi/pb 

shock-wave theory a re  therefore  not  r e l i a b l e  much above 65 km a l t i t u d e  i n  
these ca lcu la t ions  f o r  t he  P;ibram meteor. I n  the ca l cu la t ions  below 65 km 
a l t i t u d e ,  f o r  which Reb i s  large,  the  vapor flow necessar i ly  divides  i n t o  
t h i n  viscous regions (the boundary shock wave and the  i n t e r f a c i a l  l aye r )  and 
an e s s e n t i a l l y  inv i sc id  region (see sketch (b)).6 
including convective hea t  t r ans fe r ,  are absent from the  inv i sc id  region.  Con- 
vect ive heat  t r a n s f e r  from t h e  hot  compressed a i r  i s  therefore  confined t o  a 
t h i n  layer  a t  the in t e r f ace ;  i n  the  usual terminology of ab la t ion  theory,  t he  
convective heat ing i s  completely "blocked" from the body by the  efflux of 
vapor. The only heat t r a n s f e r  from the  outer  l aye r  of hot  a i r  behind the  
shock wave t o  reach t h e  body i s  assumed t o  be  that  due t o  r ad ia t ion .  However, 
t he re  i s  s ign i f i can t  hea t  conduction i n  the vapor a t  t he  surface (within the  
t h i n  boundary shock wave) t h a t  w i l l  be discussed below. J u s t  as the  boundary- 
shock-wave theory i s  not appl icable  a t  t he  beginning of the  en t ry  i n t o  the  
atmosphere, some poin t  may be reached la te r  where it i s  again not appl icable .  
A po in t  may be reached where the  radius  q has decreased t o  such an extent  
t h a t  (1) Reb i s  decreased s i g n i f i c a n t l y  because it contains  a length propor- 
t i o n a l t o  q and (2)  the  r ad ia t ion  i s  much lower f o r  smaller q so t h a t  
the  mass f l u x  43u.b contained i n  Reb i s  a l so  decreased s i g n i f i c a n t l y .  
Hence, when the radius  becomes s m a l l ,  the  vapor flow near the  body may again 
approach a boundary-layer-type flow. This po in t  i n  the t r a j e c t o r y  of t he  
Pr'fbram meteor i s  below the  lowest da ta  poin t  ( see  appendix E f o r  values of 
Reb), i f  it occurred a t  a l l .  An add i t iona l  e f f e c t  of t h i s  phenomenon, when 
the  rad ius  becomes s m a l l  enough and/or the  ve loc i ty  slow enough so t h a t  t he  
ab la t ion  rate decreases considerably, i s  t h a t  the  radius  w i l l  decrease much 
slower; t h a t  i s ,  the  curve of radius  versus a l t i t u d e  w i l l  a t  some poin t  again 
become more near ly  ver t ical  i n  f igu re  2.  This may be t h e  e f f e c t  beginning t o  
show up i n  the  curve f o r  rb* = 25 em i n  figure 2. 

being la rge  (>> 1). 

A l l  viscous e f f e c t s ,  

The primary meteor f l i g h t  parameters of i n t e r e s t  a re  the  radius  ( f i g .  2 ) ,  
t h e  drag coe f f i c i en t s ,  and t h e  hea t - t ransfer  coe f f i c i en t s  (see f i g s .  5, 6, 
and 7). 
i s  t h a t  Qeff remains, f o r  a l l  p r a c t i c a l  purposes, u n i t y .  (This depends, of 
course, on the  shape f a c t o r  being constant a t  2 . )  Note, then, t h a t  one could 
ignore the  boundary shock wave, assume C D ~ ~ ~  = 1.0, and determine rb  from 
equation (13) (following the  genera l  procedure of Allen and James, r e f .  3 ) ,  
using the  most appropriate  da ta  curve f o r  V and dV/dt versus a l t i t u d e .  The 
radius  and CD would then be known accurately,  bu t  not necessar i ly  the  
heat  t r a n s f e r  below) o r  t h e  thermodynamic p rope r t i e s  of the  vapor. The 
second r e s u l t  regarding drag is  t h a t  t he  viscous-compressive stress ( a t  the  
vapor boundary) produces most of t he  e f f e c t i v e  drag, t he  thermodynamic 

The f i r s t  important r e s u l t  regarding drag t o  be noticed i n  f igu re  5 

- - - . -  

=Note tha t ,  even a t  65 k m  a l t i t u d e  (taken t o  be the  upper l i m i t  of 
v a l i d i t y  of the  theory) ,  where the  meteor radius  w a s  about 20 em ( f i g .  2) and 
the  thickness  of t he  vapor layer  w a s  about 0.016 X 20 em = 0.32 em 
appendix E ) ,  the  r a t i o  of t he  boundary shock thickness  t o  the  en t i r e  vapor- 
layer  thickness  ( r a t i o  of order  1/R%) w a s  about 1/77, so the thickness  of t he  
boundary shock wave was about 0.32  em x 1/77' = 0.00415 em. 

(see 
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pressure drag being general ly  much 
smaller and t h e  r e t r o t h r u s t  ( repre  - 
sented by a "drag c o e f f i c i e n t , "  C D ~ )  

I and 7). This r e s u l t ,  t h a t  CD,, i s  
I /- /-- t h e  most s i g n i f i c a n t  po r t ion  of 
I 

(j!: - CH. CDe" 

- 

- I p r a c t i c a l l y  neg l ig ib l e  ( s e e  f i g s  . 5 

'De f f  
can be misleading, however. If t he  
viscous-compressive s t r e s s  were not 
included i n  the  ana lys i s ,  the  pressure 
drag ca l cu la t ed  would be much l a rge r ,  
s ince  g, would take  t h e  place of 
g, + (-7b) i n  the  momentum equation 

(es .  (23)). 

I ,/-- 
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Comparison parameters c o e f f i c i e n t s  due t o  r a d i a t i o n  and heat 

( f i g .  6) ind ica t e s  t h a t  the  hea t  
Fimre 7. - Ratios showing boundary-shock effects conduction i n  the  vapor a t  t he  boundary 

(rb* = 20 em, s = 2). 

conduction i n  t h e  boundary shock wave plays a s u b s t a n t i a l  r o l e  (see also 
f i g .  7 ) .  
a t  t h e  surface,  it i s  u s e f u l  to consider equation (24 ) .  Assuming Pr = 1, w e  
have ( see  r e f .  1) : 

To a i d  i n  understanding the r o l e s  of r a d i a t i o n  and heat coAduction 

so t h a t ,  from equation (24), 



From equations ( 5 3 ) ,  ( B l 5 ) ,  and (~16) (or eqs.  (74) i n  re f .  l), one sees t h a t  
the r ad ia t ive  f lux  t o  t h e  body, -qr, contr ibutes  t o :  (1) heat ing the body 
material t o  vaporizat ion temperature (by conduction within the  body) , (2) 
vaporizing the  body mater ia l ,  and (3) increasing the  k i n e t i c  energy of the  
vaporized materia1[(l /2)ub2].  
"flow energy," p,,/s, = RTb, added t o  t h e  vaporized material .  The la t te r  term 
[&ub(&/&) = u b b ]  i s  equivalent  t o  the work required t o  blow of f  the vapor 
aga ins t  t h e  pressure g, with ve loc i ty  ub. This energy, added by work, 
s t ays  with the  vapor as flow energy (giving the  vapor an "enthalpy, I '  e + p/p) , 
since t h e  fo rce  due t o  t h e  thermodynamic pressure p i s  not d i s s ipa t ive .  Now 
we see from equation (32), by analogy, t h a t  t h e  cont r ibu t ion  of t h e  heat  con- 
duction back through the gas a t  t he  boundary, -qcb, i s  i n  the form of the work 
required t o  blow off t he  vapor aga ins t  t h e  viscous-compressive stress, -Tb, 
with ve loc i ty  ub. Since the fo rce  due t o  -Tb i s  d iss ipa t ive ,  hcwever: no 
energy i s  added t o  the  gas by t h i s  work, and it does not  appear i n  
equation ( 5 3 ) .  

Included i n  the  energy of  vaporizat ion i s  the  

For t h e  heating, then, although the  viscous e f f e c t  ( t he  heat  conduction 
i n  the  boundary shock wave) i s  large,  one sees (as i n  the case of drag) t h a t  
omit t ing the  boundary shock wave from the  ana lys i s  would not influence the  
o v e r a l l  r e s u l t s  as much as might a t  f i r s t  be supposed. The heat  conduction 
simply balances the  work of b l z i n g  off the  vapor aga ins t  the  viscous- 
compressive s t r e s s  (assuming Pr  = 1) . 

Although de ta i l ed  flow ca lcu la t ions  would be a f f ec t ed  s i g n i f i c a n t l y  by 
the boundary shock wave, an important r e s u l t  here i s  t h a t ,  for o v e r a l l  gross 
e f f e c t s ,  ignoring the  boundary shock wave and assuming Qeff t o  be u n i t y  and 
the  heat  load producing t h e  vaporizat ion t o  be ju s t  the  r ad ia t ion  from the  hot 
gas, one should obta in  good approximate r e s u l t s .  The only d i f f i c u l t y  remain- 
ing  i n  ignoring the  boundary shock wave i s  i n  determining t h e  ab la t ion  temper- 
a ture ,  which a l so  determines cab. However, s ince t h e  l a r g e s t  p a r t  of cab 
i s  comprised of the  heat  of vaporization, 
on the  vaporizat ion temperature. The approximate equations used by Allen and 
James ( r e f .  3) therefore  give good approximate r e s u l t s  f o r  t h e  o v e r a l l  motion 
and heat ing of a meteor ( e spec ia l ly  s ince  t h e i r  assumed values of cab and Tb 
a re  approximately co r rec t  f o r  t h e  most c r i t i c a l  p a r t  of t h e  t r a j e c t o r y ) ,  even 
though the boundary shock wave has not previously been considered. The most 
important conclusion here i s  t h a t  de t a i l ed  flow ca lcu la t ions ,  bo th  f o r  
determining the  f low c h a r a c t e r i s t i c s  and f o r  computing more prec ise  r e s u l t s  on 
the  motion and heat ing of t he  meteoric body, should consider t he  possible  
e f f e c t s  of t h e  boundary shock wave. 
boundary shock e f f e c t s  on the  flow are indicated by the  idea l ized  theory t o  be 
sub s t  an t  i a l  . 

cab i s  not  too s t rongly dependent 

I n  the case of t he  P?:bram meteor, the  

CONCLUDING REMARKS 

The r e s u l t s  of including a boundary shock wave i n  a s impl i f ied  
ca l cu la t ion  of t h e  f l i g h t  parameters of a stone-meteoric f i r e b a l l  have been 



s tudied  using meteor-tracking da ta  f o r  t h e  ana lys i s .  
deduced are enumerated e x p l i c i t l y ,  and then elaborated upon, i n  summary of t h e  
above discussion.  They include:  

The r e s u l t s  found o r  

( a )  t h e  ca lcu la ted  values of r a t i o s  (which represent  t h e  "jumps" o r  
rapid v a r i a t i o n s )  of vapor-flow parameters across  t h e  boundary 
shock wave, and values of o ther  parameters i n  t h e  vapor t h a t  
relate t o  t h e  boundary shock wave; 

( b )  q u a l i t a t i v e  d i f fe rences  i n  values of t h e  vapor-flow parameters 
from values t h a t  would be obtained by ignoring t h e  poss ib le  
presence of t h e  boundary shock wave ( these  d i f fe rences  can be 
infer red  from t h e  r e s u l t s  ( a ) ,  bu t  were a l s o  checked i n  a simple 
ca lcu la t ion ,  not shown) ; 

( e )  t h e  s ign i f icance  of ( a )  and ( b )  t o  t h e  vapor flow f i e l d ;  

( d )  t he  ca lcu la ted  values of t h e  f l i g h t  parameters, including t h e  
meteor radius  and t h e  various hea t - t ransfer  coe f f i c i en t s  and 
drag coe f f i c i en t s ;  

( e )  q u a l i t a t i v e  d i f fe rences  i n  the  ca lcu la ted  values of t he  ove ra l l  
f l i g h t  parameters from values t h a t  would be obtained by ignoring 
t h e  poss ib le  presence of t h e  boundary shock wave; and 

( f )  s ign i f icance  of t h e  above r e s u l t s  (of including t h e  boundary 
shock wave i n  t h e  present  ca l cu la t ion  of meteor f l i g h t  parameters) 
t o  more de t a i l ed  analyses of t he  f l i g h t  parameters. 

The ca lcu la t ions  ind ica te  t h a t ,  if t h e  idea l i za t ions  made are v a l i d ,  
conditions were present  i n  the  ablating-vapor flow of t h e  Ondyejov meteor 
P?<bram f o r  a s t rong boundary shock t o  occur according t o  t h e  boundary-shock- 
wave theory presented previously.  

During the  por t ion  of t h e  P&bram meteor t r a j e c t o r y  f o r  which t racking 
da ta  were obtained and f o r  which t h e  boundary-shock-wave theory i s  presumed t o  
apply (between about 65 and 45 km a l t i t u d e )  t h e  r e s u l t s  are: 
pressure r a t i o  nor t h e  dens i ty  r a t i o  across  t h e  boundary shock wave w a s  ever 
less than about 4.5, ( 2 )  t h e  temperature change w a s  about 2 percent across  the  
boundary shock, ( 3 )  t h e  viscous-compressive drag w a s  always a t  least 75 per-  
cen t  of t h e  t o t a l  e f f e c t i v e  drag, (4 )  t h e  t o t a l  e f f ec t ive  drag coe f f i c i en t  
remained near ly  constant a t  t h e  value uni ty ,  and (5)  hea t  t r a n s f e r  by conduc- 
t i o n  a t  t h e  surface i n  t h e  vapor w a s  always a t  least 20 percent as l a rge  as 
t h e  r ad ia t ive  heat  t r a n s f e r .  

(1) n e i t h e r  t h e  

Since t h e  dens i ty  a shor t  d i s tance  from t h e  molten surface,  Pe, is  
s ign i f i can t ly  d i f f e r e n t  from Pb,  which i n  tu rn  is  f a i r l y  c lose  t o  t h e  dens i ty  
t h a t  would be ca lcu la ted  by ignoring t h e  poss ib le  presence of a boundary shock 
(or equivalent ly  by omitt ing t h e  translational-nonequilibrium condi t ion on t h e  
vaporizat ion ra te) ,  t h e  ca lcu la ted  e f f e c t s  on t h e  vapor flow are subs t an t i a l .  
Therefore a more de t a i l ed  ana lys i s  of t h e  f l i g h t  parameters t h a t  would use a 
de ta i l ed  flow f i e l d  analysis ( f o r  more p rec i se  ca l cu la t ion  o r  f o r  o the r  
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reasons)  should include considerat ion of a boundary shock wave, under t h e  
condi t ions where i t s  presence i n  s i g n i f i c a n t  s t r eng th  is expected. 

The r e s u l t s  of t h e  ana lys i s  including t h e  boundary shock wave ind ica t e  an 
i n i t i a l  radius  between 20 and 23 em, probably c l o s e r  t o  20 em, f o r  t h e  meteor. 
The a c t u a l  i n i t i a l  rad ius  i s  bel ieved t o  have been somewhat l a r g e r  than  th i s .  
The d i f f e rence  i s  probably due t o  t h e  approximations made i n  t h e  ana lys i s  and 
t o  unce r t a in t i e s  i n  t h e  o r i g i n a l  meteor da ta .  

If t h e  boundary shock wave were not  considered i n  ca l cu la t ing  t h e  ove ra l l  
gross  f l i g h t  parameters ( s o  t h a t  v i r t u a l l y  a l l  of t h e  heat ing would be assumed 
t o  be by r ad ia t ion  and most of t i e  drag due t o  p re s su re ) ,  it is  s t i l l  poss ib le  
t o  obta in  r e a l i s t i c  approximate r e s u l t s  f o r  t h e  ove ra l l  motion and heat ing of 
t h e  meteoric body by judicious choice o f :  (1) assumed values of t h e  e f f e c t i v e  
drag c o e f f i c i e n t  ( CDef f ) ,  t h e  temperature of vaporizat ion (%), and t h e  t o t a l  
ener y required t o  heat and vaporize a u n i t  m a s s  of t h e  meteoric mater ia l  
((ab7 (as used e f f e c t i v e l y  by Allen and James) and (2) a s u i t a b l e  curve 
represent ing t h e  meteor-tracking da ta .  Thus, although t h e  occurrence of a 
boundary shock wave may be important t o  t h e  flow d e t a i l s ,  t h e  o v e r a l l  f l i g h t  
c h a r a c t e r i s t i c s  of t h e  meteor ( i n  t h e  c l a s s  expected t o  have a boundary shock) 
a r e  not  t oo  s i g n i f i c a n t l y  a f f ec t ed  by t h e  presence of a boundary shock wave 
if proper estimates a r e  made, as done by Allen and James. 
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APPENDIX A 

PRINCIPAL NOTATION 

A c ross -sec t iona l  a rea  of t he  body 

‘ D e f f  

DP 

C D t  

e f f e c t i v e  drag coef f ic ien t ;  equations (11) (22), and (26) 

coe f f i c i en t  of drag due t o  pressure,  equation (47) 

due t o  r e t r o t h r u s t  of vapor, cont r ibu t ion  t o  t o t a l  CD 

C 

eff  equation (49) 

coe f f i c i en t  of drag due t o  viscous compressive s t r e s s ,  
equat ion (48) cDVC 

coe f f i c i en t  of heat  t r a n s f e r  by conduction, equations (32) 
and (50)  

conduction coe f f i c i en t  defined by equation (31) 

coe f f i c i en t  of heat t r a n s f e r  by rad ia t ion ;  equations (9) ,  (2Ob) , 
Chc 

‘Hr and (26) 

c spec i f i c  heat 

cp.’ cv s p e c i f i c  heats  i n  gas (vapor) a t  constant pressure and constant 
vo lune 

- 
D shock standoff funct ion defined by equat ion ( 4 )  

d i  dis tance from body t o  in t e r f ace  between vapor and a i r  

dis tance from in t e r f ace  t o  shock wave, t h a t  i s ,  thickness of d0 
ou te r  shock layer  

dE, dH, dW 

drl?dk 

d i f f e r e n t i a l  quan t i t i e s  f i r s t  used i n  equation ( B l O )  

d i f f e r e n t i a l  quan t i t i e s  defined p r i o r  t o  equation ( B l )  

e 

f 

s p e c i f i c  i n t e r n a l  energy 

t o t a l  fo rce  per u n i t  a rea  ac t ing  or1 an elemental  surface 

- 
f body force  per u n i t  mass ac t ing  i n  the  d i r ec t ion  of motion; 

f = g s i n  8 when cp = gh 

g acce lera t ion  of g rav i ty  
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h a l t i t u d e  above t h e  ea r th '  s surf  ace 

I 

k 

E 

Lf 

L v  

M 

m 

m 

m 

Pr  

Q r  

q 

s, 
qr  

R 

rb* 

ri 

rate of energy r a d i a t i o n  per  u n i t  volume i n  t h e  ou te r  shock l aye r  

constants  defined by equations ( C 5 )  o r  (C6) 

constants  of i n t eg ra t ion  f i r s t  used i n  equations (Cg) and 
evaluated i n  (C11) o r  ('212) 

thermal conduct ivi ty  

shock dens i ty  r a t i o ,  p,/p, 

l a t e n t  heat  of f i s i o n  

l a t e n t  heat  f o r  vaporizat ion a t  low r a t e  

Mach number 

mass of  meteor 

por t ion  of body mass between xa and x = 0 a t  a given time 

molecular weight of vapor 

pres  sure 

P rand t l  number, pcp/k 

Prandt l  number based on E, Ecp/k 

t o t a l  r a d i a t i v e  heat ing r a t e  t o  a f l a t - f a c e  body 

heat  f l u x  (pos i t i ve  t o  the  l e f t  i n  sketches ( a )  and ( b ) ,  pos i t i ve  
t o  the r i g h t  i n  sketches (d )  and ( e ) )  

conduction heat  f l u x  

r ad ia t ive  heat  f l ux  

gas constant (un ive r sa l  gas constant divided by molecular weight) 

vapor-ablation Reynolds number, PbUbdi/pb 

body rad ius ,  sketch ( a )  

assumed i n i t i a l  rad ius  of meteor 

dis tance from center  of near ly  sphe r i ca l  body t o  vapor-air  
i n t e r f a c e ,  sketch ( a )  

S shape f a c t o r ,  equations (21) 
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T temperature 

t t i m e  

U ve loc i ty  of vapor r e l a t i v e  t o  molten meteor surface ( t o  the  r i g h t  i n  
sketch ( d ) )  

V magnitude of meteor ve loc i ty  r e l a t i v e  t o  the  ea r th  

V* approximate value of meteor ve loc i ty  a t  atmosphere en t ry  

vb ve loc i ty  of  vapor a t  t he  molten surface r e l a t i v e  t o  the  body m a s s  
whose ve loc i ty  i s  V; ub - us 

X coordinate i n  the d i r ec t ion  of t he  body motion whose o r i g i n  i s  f ixed  
a t  the  receding molten surface,  sketch (d)  

X '  coordinate i n  the  d i r ec t ion  of the  body motion whose o r i g i n  i s  f ixed  
i n  space 

Vc Hy 
Z,Z' , equations (14) and (35) 

'Deff 

a , equation (39) P, 
P e  
- 

p1,p2 constants  defined by equations ( C 4 )  

Y r a t i o  of s p e c i f i c  heats ,  3 
cv 

5 ab eb - ea  i- RTb, equations ( B l 5 )  and (~16) 

0 angle between ve loc i ty  vector and equ ipo ten t i a l  surf  ace ( e .  g . ,  
e a r t h ' s  surface when cp = gh) 

A funct ion of E and 6, equation (6) 

IJ- shear -v iscos i ty  coe f f i c i en t  

,.. 
P defined i n  equation (28) 

P mass dens i ty  per u n i t  volume 

mass dens i ty  of meteor 

atmospheric dens i ty  a t  sea leve l ,  equation (2)  

Pm 

PSL 
- P a l t i t u d e  -density function, equation (1) 



I 

0 z - Z' 
7 viscous compressive s t r e s s  

cp 

4 f  var iab le  quan t i ty  on meteor surface,  equation (17) 

body-force potent ia l ;  f o r  g r a v i t a t i o n a l  force  cp = gh, equation (Bbb) 

constant value of 4 f  on a f l a t - f a c e  body 
$0 

Sub s c r i p t s  

a 

b 

e 

f 

f f  

l i q  

0 

ref 

S 

so 1 

2 

W 

i n  general, an a r b i t r a r y  poin t  i n  x < 0; i n  p a r t i c u l a r ,  value where 

k 0, t h a t  i s ,  where Ta i s  the  cold i n t e r i o r  temperature d x x  

value a t  the  boundary i n  the  vapor (x = O+) 

value outs ide  the  boundary shock wave i n  the vapor 

value a t  fusion,  t h a t  i s ,  where T = Tf ,  the  fus ion  temperature 

value on f l a t  -f ace body 

value i n  the l i q u i d  (molten meteoric ma te r i a l )  

value a t  t he  s tagnat ion point,  on the air-vapor  in t e r f ace  

a r b i t r a r y  reference value 

value a t  t he  molten surface,  ins ide  the  surface (x = 0-) 

value i n  the  s o l i d  meteoric ma te r i a l  

value behind the shock wave, sketch (b )  

condi t ion i n  the ambient atmosphere a t  a l t i t u d e  h 



APPEXDIX B 

DERIVATION OF THE ONE-DIMENSIONAL CONSERVATION EQUATIONS 

A de r iva t ion  of t h e  equations of conservation of mass, momentum, and 
energy is  presented for an acce le ra t ing  body wi th  t h e  following conditions:  A 
r a p i d  efflux of vapor from t h e  forward f ace  of t h e  body i s  produced by vapor- 
i z a t i o n  of  t h e  body ma te r i a l  due t o  absorption a t  t h e  body surface of intense 
r ad ia t ion .  All motion, including t h a t  of t he  body and t h e  vapor, i s  assumed 
t o  be one-dimensional. The body has a c ros s - sec t iona l  area A and an 
instantaneous mass m .  The gas i n  f r o n t  of  t he  body i s  t h e  outflowing vapor. 
The e f f e c t s  of any gas t o  t h e  rear  are neglected.  The body i s  moving i n  a 
fo rce  f i e l d  of p o t e n t i a l  cp. ( I n  the  case of g r a v i t a t i o n a l  force,  cp = gh. )  

For t h e  following development, r e f e r  t o  sketch ( d ) ,  where a l l  motion i s  
t o  t h e  r i g h t .  L e t  

v = V ( t )  

X 

X '  

u = u ( x , t )  

be t h e  instantaneous v e l o c i t y  of t h e  body; 

be a coordinate i n  the  d i r e c t i o n  of the  body motion whose 
o r i g i n  i s  always f i x e d  a t  t h e  receding sur face ;  

be a coordinate i n  the  d i r e c t i o n  of t h e  body motion whose 
o r i g i n  i s  f ixed  i n  space ( e .g . ,  with respect  t o  the  e a r t h ' s  
sur face)  ; 

be t h e  ra te  a t  which the  surface i s  receding in to  the  body mass, 
t h a t  i s ,  t h e  v e l o c i t y  i n  t h e  -x d i r e c t i o n  of t he  surface 
re la t ive t o  the  i n t e r n a l  mass of the  body. (Thus, the  
absolute ve loc i ty  of the  surface i s  V - u s . ) ;  

be the  v e l o c i t y  of t he  gas (vapor) a t  t he  surface r e l a t i v e  t o  

ub - us + V.); and 
the  su r face .  
a t  t h e  surface i s  

(The absohite instantaneous ve loc i ty  of t h e  gas 

be the  instantaneous ve loc i ty  of t h e  gas t o  t h e  r i g h t  r e l a t i v e  
t o  the  surface a t  a dis tance x from the  sur face .  (The 
absolute  v e l o c i t y  of t h e  gas a t  x , t  i s  u - us + V . )  . 

Note t h a t ,  re la t ive t o  t h e  x coordinate, t h e  surface i s  s ta t ionary ,  t he  mass 
in s ide  the  body i s  moving with ve loc i ty  us, t he  gas i s  moving with ve loc i ty  
u, and the  surface value i s  Ub. (Relat ive t o  the  x '  coordinate, the  body 
has ve loc i ty  V = dx ' /d t . )  (Subscript  b r e f e r s  t o  values i n  the  gas a t  t h e  
boundary of t he  gas flow (x  = 0'); subscr ipt  s r e f e r s  t o  values ins ide  t h e  
unvaporized ma te r i a l  a t  t h e  surface (x = 0-); subsc r ip t  a r e f e r s  t o  an 
a r b i t r a r y  point  a in s ide  t h e  surface (x < O ) . )  

- 
Consider the  motion of t he  system of constant mass m during the  

i n f i n i t e s i m a l  t i m e  i n t e r v a l  d t  between to and to + d t ,  where m i s  t he  
po r t ion  of the  body mass m between X a  and x = 0 a t  time to. The mass 

- 
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Time I = io: P 

Y 
S o '  d and I Quid ma55 % + d m  

w th  r e # o c i l y  V + d V  

, 
7 

Solid and l i q u i d  moss 
6 w i t h  velacoly V 

x +  

- 7  
S u r f a c e  x : 0 m a v l n g  

w l l h  v e l o c i t y  V - u s  

r% + d m  

- d i i  

- d m  

Sketch ( d ) . -  Ablation of surface during t i m e  i n t e r v a l  d t .  

vaporized during d t  i s  -dm. (Although -dm i s  l o s t  from t h e  "body" during 
dt ,  it remains part  of our "closed," o r  constant mass, system.) Let dE be 
t h e  dimension of t h e  m a s s  -dm before it i s  vaporized and dv i t s  dimension 
a f t e r  it i s  vaporized; thus, 

where, by de f in i t i on ,  



From equations (Bl) and (B2) we have a convenient statement of conservation of 
mass : 

dm 
- - =  d t  Apsus = A%ub 

I n  the  following an appropriate  "momentum equation" i s  derived from the  
p r inc ip l e  of conservation of momentum. F i r s t ,  def ine f t o  be the sum of 
"surface forces"  per  u n i t  area (such a s  pressure and viscous stress i n  the  gas 
o r  l iqu id ,  and t e n s i l e  o r  compressive s t r e s s  i n  t h e  s o l i d ) .  Positive values of 
f ind ica te  tension, so tha t ,  i n  the  gas o r  l iqu id ,  

where p i s  the  thermodynamic pressure and T t he  viscous-compressive stress 
(I- = z(du/dx);  see, e .g . ,  re f .  16, p. 331, o r  re f .  1). Also, define f t o  be 
the  body fo rce  per  u n i t  mass ac t ing  on t h e  mass m i n  the  d i r ec t ion  of the  
body motion, t h a t  is ,  

( I n  the case where the  p o t e n t i a l  i s  (0 = gh, 

where 

i . e . ,  where 8 i s  the  angle between the  t r a j e c t o r y  of t he  body motion and an 
equipoten t ia l  surface,  such a s  the e a r t h ' s  surface.  ) The average ex terna l  
force  t o  the  r i g h t  (sketch ( a ) )  ac t ing  on the  mass m during d t  i s  then 

,.. 

= + A ( f b  - f a )  + higher order terms 

so t h a t  t he  impulse during d t  i s  

% d t  + A(fb - f a ) d t  

- 
The momentum change ( t o  the  r i g h t )  of t he  mass m during d t  i s  

= dV - (ub - u S ) h  + higher order  terms (B6) 
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Neglecting t h e  higher order  d i f f e r e n t i a l s ,  we may then wr i te ,  from the  
p r inc ip l e  of conservation of momentum, 

Convenient forms for t h i s  equat ion a re  

and, with use of equation ( B 3 ) ,  

If we take  poin t  
we have, using equations (B3) and (B4) in(B'j'b), 

a a s  the  back surface of the  body, where f a  = 0 and % = m, 

i n  which, of course,  & I p s  << 1 and may be neglected.  
form f o r  equation (B8a)  i s  

Another convenient 

where the  pressure drag, t h e  viscous -compressive drag, and the r e t r o t h r u s t  due 
t o  e j ec t ed  vapor are ,  respec t ive ly ,  

D =%A P 

Dvc = -7 A b 

where vb = ub - us 
v e l o c i t y  i s  V. 

i s  the  gas ve loc i ty  r e l a t i v e  t o  the  body mass whose 

To der ive an equation represent ing conservation of energy, we begin with 
N 

t h e  f i rs t  law of thermodynamics appl ied t o  t he  closed system of mass m 
during d t  ( see  above d e f i n i t i o n s  and sketch ( a ) )  : 
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dE = dH + dW 

where 

dE = t h e  change i n  efiergy of t he  system of mass m during d t  

dH = t h e  n e t  heat added t o  t h e  system ofmass m during d t  

dW = t h e  work done on t h e  system of mass 

N 

Y 

m by e x t e r n a l  fo rces  during d t  

Y 

The energy E possessed by the  mass m i s  composed of i n t e r n a l  energy, 
k i n e t i c  energy, and p o t e n t i a l  energy. L e t  e denote i n t e r n a l  energy p e r  u n i t  
mass a t  a c e r t a i n  po in t  i n  the  mass m a t  t i m e  t = to and e + de be the  
corresponding value a t  time to + d t .  Also, denote t h e  l a t e n t  hea t  of fu s ion  
and l a t e n t  heat of vaporizat ion a t  low rates (see appendix B of re f .  1) by 
Lf and L,, r e spec t ive ly .  Refer t o  sketch ( e ) .  During d t  t he  sur face ,  x = 0, 

N 

ea + 

x = x f  at x -  x f  at x - o  at  x - 0  at 

t = to + d t  t = t o  t = to -+ dt t =  to 

where the  vaporization i s  taking place,  recedes from s t o  s ' ,  a d i s t ance  dE 
relat ive t o  t h e  i n t e r n a l  body mass. For s impl i c i ty ,  changes i n  e, and eb 
wi th  time are neglected,  t h a t  i s ,  est e, and ebt M eb. Then, during d t ,  
t h e  i n t e r n a l  energy curve i s  simply s h i f t e d  a dis tance dk t o  the  l e f t  i n  
sketch ( e ) .  
t o  be 

Sketch (e). - Change of specific-internal-energy distribution in body during time interval dt. 

Neglecting higher order  d i f f e r e n t i a l s ,  one f i n d s  the  shaded area 

(es - ea)dS 

Since the  mass included between po in t  a and po in t  s' i s  E + dm, t h e  
change i n  i n t e r n a l  energy of t h e  mass + dm during d t  i s  

Note t h a t  t h i s  takes  i n t o  account a phase change ( fus ion)  a t  x = xf where 
the  fus ion  temperature i s  Tf;  thus, if t h e  s p e c i f i c  hea t s  i n  the  s o l i d  and 
l i q u i d  are constants  csol and c l iq ,  one may write 



e, - ea = csol(Tf - Ta)  + Lf + C l i q ( T s  - T f )  

A t  t = to, t h e  m a s s  (-dm) has an i n t e r n a l  energy of 

and a t  t = to + d t  t he  m a s s  (-dm) has an i n t e r n a l  energy of 

-dm ( e b + - -  2' !& dv) + higher order  terms 

so t h a t ,  wi th  neglect  of higher order  d i f f e r e n t i a l s ,  t he  change i n  i n t e r n a l  
energy of t he  m a s s  (-dm) i s  

-dm(% - e,) ( B 1 3 )  

Thus, from equations ( B 1 1 )  and ( B l 3 ) ,  t he  t o t a l  change i n  i n t e r n a l  energy of 
t he  m a s s  m during d t  i s  

- 

where 

Cab - R% 7% % - ea 031.5) 

( see  appendix B of r e f .  1). For constant  s p e c i f i c  heat  i n  the  so l id ,  l i qu id ,  
and constant-temperature phase changes ( e . g . ,  see r e f .  l9), i f  po in t  a i s  
t o  the l e f t  of the  fus ion  point ,  then 

Cab = Csol(Tf  - Ta)  + $ -!- c l iq(Tb - Tf') -!- L, > (Xa < x f >  (B16) 
- I n  sketch ( d ) ,  t he  k i n e t i c  energy of m a t  t,, i s  (1/2)%V2. A t  time 

to + d t  t he  k i n e t i c  energy of t he  mass % = (E + dm) + (-dm) i s  

2 
1 1 au - (E + dm)(V + dV)2 + 
2 dq] 

(ub - Us + v) + d(Ub - us + v) + 

- 
Therefore, the  t o t a l  change i n  k i n e t i c  energy af t he  mass m during d t  
(omit t ing higher order  d i f f e r e n t i a l s )  i s  

From expressions ( B 1 4 ) ,  ( B l T ) ,  and t h e  expression f o r  t h e  potent ia l -energy 
change : 
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._ .. . _ _  . . .- .. . . __ 

we then have 

r 7 

Y 

The ne t  heat  added t o  t h e  system of mass m during d t  i s  

where q denotes heat  f l u x  t o  t h e  r i g h t  i n  sketch (d)  and where 

and 

qcb 
-qr 
the heat  flux by conduction i n  the  vapor a t  the boundary (x  = O f ) .  

The work done on the  system of mass m during d t  by the  gas i n  f r o n t  

i s  t h e  r ad ia t ive  hea t  from the  r i g h t  t h a t  i s  absorbed a t  x = 0 and 

- 
of it i s  the  product of the  average force  during d t  on the forward bounding 
surface times the  dis tance through which t h a t  surface i s  moved. From 
sketch (d)  one f inds  t h a t  the  forward bounding surface of the  mass m moves, 
during dt ,  from b t o  cy an a c t u a l  dis tance of 

- 

(ub - us + ~ ) d t  + higher order  terms 

Thus, the  work done on % during d t  by the  gas i n  f r o n t  i s  

fbA(Ub - us + V)dt + higher order  terms 

- 
Similarly,  the work done on m during d t  by t h e  mass behind % i s  

, -faAVdt + higher order  terms 

- 
and the t o t a l  work done on mass m during d t ,  with neglect  of  the  higher 
order  terms, i s  then 

dW = (fb - fa)AVdt+ fb(ub - u S ) A  d t  (B23)  

The f i r s t  l a w  of thermodynamics, equation ( B l O ) ,  wr i t t en  i n  the form 

dH dE dW 
d t  d t  d t  
- - - _ -  - 

and with use of the  expressions ( ~ 1 8 ) ,  (Big), and ( B 2 3 ) ,  gives an equation 
expressing conservation of energy: 
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+ ( f a  - f b ) v  - fb(ub - 

Subs t i tu t ion  of t he  momentum equation ( B p )  i n t o  (B25) y i e lds  

i 

Another useful  form obtainable  from equation (B25) with subs t i t u t ion  of (B3) , 
( B ~ c ) ,  and (B15) i s  

If we now take poin t  a far enough back from the  body surface t h a t  qa i s  
negl ig ib le  and Ta 
and (Bb) ,  we may write ( ~ 2 6 )  i n  t h e  following two convenient forms: 

is  the  cold i n t e r i o r  temperature, using equations (B3) 

where, as i n  equation ( B 8 a ) ,  % I p s  << 1 and may be neglected; o r  

dH 
d t  

where dH/dt = -qbA = -(qr + q )A; 
the  body mass whose ve loc i ty  i s  V; 

'b 
vb = ub - us, t he  gas ve loc i ty  r e l a t i v e  t o  

Dp and Dvc a re  given by equation (BBg), - 
dm/dt i s  given by  equation (B3) ;  and Cab i s  given by equation ( B 1 6 ) ,  wi th  
Ta as t h e  cold i n t e r i o r  temperature. 

Following i s  an i n t e r p r e t a t i o n  of equation (B29): The e f f e c t s  of t he  
heat  t r a n s f e r  dH during the  t i m e  i n t e r v a l  d t  are: (a) t o  add i n t e r n a l  
energy t o  vaporize the  mass (-dm) and raise the  temperature of an equivalent  
m a s s  t o  t he  level  t h a t  (-dm) had before  being vaporized ( t h i s  accounts f o r  t he  
t e r m  -dm(cab - RTb) ; (b)  t o  add k i n e t i c  energy to ( -dm) r e l a t i v e  t o  i t s  
o r i g i n a l  motion [(1/2)(-dm)vb21; and ( c )  t o  blow off  vapor with fo rce  (Dp + Dvc) 
ac t ing  through dis tance %dt  r e l a t i v e  t o  the  body motion [ (Dp + Dvc)vb d t ]  . 
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I n  t h i s  der iva t ion  of t he  equations of motion and heating, note 
s p e c i f i c a l l y  t h a t  t he  following are  accounted f o r :  

(1) heat  t r a n s f e r  i n t o  the  body, a s  we l l  as heat  t r a n s f e r  used t o  
vaporize t h e  sur face  mater ia l ;  

(2)  work done t o  blow off vapor, a s  w e l l  as the  k ine t i c ,  po ten t i a l ,  and 
i n t e r n a l  energy possessed by the  outf  lowing vapor; 

(3) recess ion  o f  t h e  ab la t ing  surface;  

(4)  drag due t o  the  viscous compressive s t r e s s ,  a s  wel l  as pressure drag, 
r e t r o t h r u s t  of  e j ec t ed  vapor, and the  g r a v i t a t i o n a l  fo rce ;  

(5 )  heat conduction associated with the  viscous s t r e s s ,  a s  wel l  a:: 
r ad ia t ive  heat ing.  
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APPENDIX c 

ADDITIONAL RESULTS FROM CONSERVATION EQUATIONS 

I n  addi t ion  t o  the  conservation equations themselves , some in t e re s t ing  
and use fu l  s ide  results can be  obtained from the  above der iva t ion  of t he  con- 
servat ion equations.  The energy equation presented above, i n  i t s  complete 
f o r m ,  can be used t o  ca l cu la t e  t he  heat  t r a n s f e r  and the  temperature d i s t r i b u -  
t i o n  i n  t h e  body, including t h e  depth of t h e  l aye r  of molten stone and the  
depth a t  which the s o l i d  stone receives  s ign i f i can t  heat ing.  

For th i s  purpose, equat ion (~26) may be  wr i t t en  (neglect ing %/ps i n  
comparison t o  uni ty)  as 

i n  which poin t  a i s  a rb i t r a ry ,  so t h a t  

where 

. .  



Much simpler expressions f o r  K1 and K2 than equations ( C 5 )  can be 
-obtained as follows: Take poin t  a far  enough back from the  surface so t h a t  
ga i s  small  and T, i s  the  cold i n t e r i o r  temperature. Then, as x -+ --03 , 
T - Ta and dT/dx -+ 0; K1 i s  found (from eq. (C3a)) t o  be 

IC1 = Ta (c6a) 

Further ,  equations ( C 4 )  through ( ~ 6 a )  can be combined t o  give 

The boundary condi t ion f o r  equation (C3b) i s  

Since Tf i s  known, t he  loca t ion  xf w i l l  be determined by solving 
equation (C3b) f o r  t he  condi t ion 

The boundary condi t ion f o r  equation (C3a) i s  then 

x = x  f ,  T = T f  

The so lu t ions  t o  equations (C3a) and (C3b) are 

P x  T = K 1  + Kl'e  , (x  5 x f )  

P2x T = K 2  + K 2 ' e  , (xf 5 x 5 0)  

Subs t i tu t ion  of t he  boundary conditions gives  

from which the  expressions f o r  K z ' ,  Kl', and xf are obtained: 
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I 

K2 '  = Tb - K 2  

Note a l s o  t h a t  

-P 1Xf  

- P 2 q  
Kll = (Tf - Kl)e 

K21 = (Tf - K2)e 

and t h a t  the  d i s t r i b u t i o n  (Cg) can be wr i t t en  conveniently as: 

where 

Tf - K 2  
P 2  Tb - K2 

Xf = 2- log ( ) 
and where Pl and P 2  a r e  given by equations (C4). Thus, the  temperature 
d i s t r i b u t i o n  i n  t h e  body i s  determined (eqs.  (Cl3)), as wel l  as the  depth of 
the molten layer ,  -xf (eqs .  (C14)). The depth of the  s o l i d  stone mater ia l  
receiving s i g n i f i c a n t  heat ing can be observed from the temperature d i s t r i b u -  
t i on ,  o r  one can ca l cu la t e  the depth a t  which the  temperature is ,  say, 1 per-  
cent higher than the  cold i n t e r i o r  temperature. -xc 
and the  temperature 

If one c a l l s  t h i s  depth 
Tc, t h e  f i r s t  of equations ( C l 3 )  gives 

f r o m  which 

where, f o r  example, Tc 1-01 Ta. 



To compute t h e  temperature d i s t r ibu t ions ,  one needs t o  know values f o r  
ksol and k l iq ,  i n  addi t ion  t o  the constants l i s t e d  i n  t a b l e  11. 
value f o r  thermal conduct ivi ty  of meteoric stone as a<105 erg/cm see OK 
( r e f .  12, p.  162).  We take  t h i s  to be 

b'pik gives a 

ksol  = =lo5 erg/cm see OK 

I n  general ,  t h e  r a t i o  
Theref ore, we assume 

k l iq /kso l  i s  about one-half for a mater ia l  a t  fusion.  

k l i q  = E G O 5  erg/cm see OK 

We f ind :  
p2/P1 = 2.46. 
depth for 1 percent temperature r i s e  are shown i n  f i g u r e  8.  
temperature d i s t r i b u t i o n  a t  55 km a l t i t u d e  i s  shown i n  figure 9 .  The calcula- 
t i ons  show t h a t  t he  depths of s ign i f i can t  heating i n  the  meteoric body are 
very small. 

K1 = 200° K, K 2  = 257' K, pl/&ub = 44.75 em sec/gm, and 
For the  Plibram meteor, the  depth of t he  molten layer  and t h e  

The i n t e r i o r  

3500r 

I km 

I - X '  

I I I I I 
.I . 2  . 3  .4 .5 

--x -xf and c 
10-1cm I cm 

1000 I 5 O 0 l \  

- x c  = 0658 cm 
where T = 1.01 To 

I I I I - 1  
0 .02 .04 .O 6 .08 

I cm 
-X - 

Figure 8.  - Depth of molten layer  ( -xf) and depth 
of 1-percent temperature r i s e  from cold s t a t e  

Figure 9.-  Representative i n t e r i o r  temperature 
d i s t r i b u t i o n  (55 k m  a l t i t u d e ,  q,* = 20 cm, 

( -xc) (q,* = 20 em, s = 2 ) .  s = 2). 
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APPENDIX D 

CALCULATION PROCEDURE 

The f l i g h t  parameters are calculated as follows: 

1. Specify as input:  

3. Compute shock dens i ty  r a t i o  k = p,/p, (eq. ( 3 ) )  

4. Compute 5 ( func t ion  of r ad ius  and standoff d i s t ances ;  see eq. ( 4 ) )  
by using t r i a l  values f o r  and i t e r a t i n g  u n t i l  A(E, a) = 0 (eq.  ( 6 ) )  

5.  Compute: 

- - . p = ambient dens i ty  a t  a l t i t u d e  h p, - PSL 
(es.  (1) 1 

po = p,V2 s tagnat ion pressure (eq.  ( 1 5 ) )  

I = I(p, V )  = outer  shock-layer r a d i a t i o n  ra te  
per  u n i t  volume behind normal shock (eq .  (7) ) 

6. Determine and o t h e r  q u a n t i t i e s  by using t r i a l  values of Me and 
i t e r a t i n g  u n t i l  d 3 Z - Z' = 0, where the  following q u a n t i t i e s  must be 
computed f o r  each t r i a l  value of M,: 
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7 .  Then compute: 
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APPENDIX E 

ESTIMATION OF THE VAPOR-ABLATION REYNOLDS NUMBER 

The v a l i d i t y  of  t he  equations f o r  t he  boundary shock wave ( re f .  1) 
depends on t h e  vapor-ablation Reynolds number 

%Ubdi 

pb 
Reb = - 

being l a rge  (>> 1). The quan t i t i e s  % and ub are evaluated from ca lcu la-  
t i ons  presented i n  the  t e x t .  To obta in  a rough est imat ion of R%, i n  order  
t o  determine rough l i m i t s  on the  a p p l i c a b i l i t y  of the  theory, one must 
estimate d i  and Pb. 

The shear v i scos i ty ,  p, t o  which i s  r e l a t e d  by 

- 4  1 p = - p + - 1 c  
3 3 

can be estimated us ing  approximate equations from k i n e t i c  theory (e .g . ,  see 
Vincenti  and Kruger, r e f .  7 ) 
and consider the vapor t o  be composed of f i c t i t i o u s  i d e n t i c a l  molecules of 
diameter d. Let p z  be  the  mass dens i ty  per  u n i t  volume of the  l i q u i d  s t a t e  
of the  vapor whose molecular weight is  *. Then, denoting Avogadro's nmber  
by  .@, where 

L e t  m be the  molecular weight of t he  vapor 

23 molecules 
mole d: = 6.023~10 

w e  may wr i te  f o r  the  approximate volume occupied by each molecule i n  the  
l i q u i d  s t a t e  

The coe f f i c i en t  of shear v i scos i ty  (see re f .  7 )  may be approximated by 

where 

J -pF  

Subs t i tu t ion  of equations (E3)  and (E5)  i n t o  (E4) gives the  approximate 
r e l a t i o n  
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Now if one assumes 

P2 = P, 

and t akes  values f o r  R,Z-", and p, from t a b l e  11, one obtains  

For convenience, one may assume the  bulk  v i s c o s i t y  IC t o  be zero, so t h a t  
(Prom eq. (E2) ) 

- 4  
3 

Then, with t h e  r e s u l t  from equation (38) t h a t  

039) P = - P  

equation ( E l )  wi th  (E8) and (E9) becomes 

The est imat ion of di/rb l i e s  outs ide the  scope of t h i s  r e p o r t .  It has 
been computed from an approximate r e l a t i o n s h i p  f o r  which the  de r iva t ion  i s  
r a t h e r  involved. 
analyzed.)  
t i o n s  f o r  t h e  PF'ribram meteor (with 
approximate values f o r  d i / rb  
found : 

(The flow f i e l d  around a sphere with la rge  mass t r a n s f e r  was 
It w i l l  simply be noted here t h a t ,  corresponding t o  the ca l cu la -  

Q* = 20 cm and 
and the  r e s u l t i n g  Reynolds numbers, Reb, were 

s = 2 ) ,  t he  following 

d i  
rb Reb 
- h 

1 k m  

75 0.00507 0.204X10 
70 .00939 .138x102 
65 .01629 .767xio2 
60 .02661 .354x103 
55 .03928 .12ox1o4 
50 .05039 .268xio4 
45 .03407 .857x103 
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With l i t t l e  e x t r a  e f f o r t  one can also est imate  the  thermal conduct ivi ty  
i n  the  vapor: 

( E m  
14 = - WR 
3 

With equation (E8) and t h e  value of R from t a b l e  11, equation (E12) gives 
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TABLE I. - TRAJECTORY DATA FOR O N D k J O V  METEOR P k b W  AND 

- - - -  

gm/cm3 

erg/gm OK 

erg/gm OK 
OK 
OK 

erg/gm 

erg/gm 

gm/mo l e  

“/see2 OK 

ALTITUDE-DENSITY FUNCTION FROM FLEFERENCE 3 
. -  I s i n  8 = 0.6853; ? 

- 

3 
12 
12 

12 

12 
12 

12 

12 

3 

i 

-_ 

A l t i t u d e  , 
h / l  km 

90 
85 
80 
75 
70 
65 
60 
55 
50 
45 

- -- 

-. I 
Densi ty  func t ion ,  - 

P 
- .. 

0.284, -5 3 O.284~10-~ 
.634, -5 
-173, -4 
-393, -4 
.817, -4 
.I587 -3 
.288, -3 
-499, -3 
.884, -3 
.164, -2 

TABLE 11.- APPROXIMATE VALUES OF PKYSICAL CONSTANTS 

APPROPRIATE TO A STONE METEOR 
- .  - _ _  _ _ - _  - _  - - _  

Proper ty  
- ~-~ - 

Mass dens i ty  of meteor 

Spec i f i c  hea t  i n  s o l i d  

Spec i f i c  hea t  i n  l i q u i d  

Typica l  co ld  i n t e r i o r  temperature 

Fusion temperature  

Latent  hea t  of  f u s i o n  

Latent  hea t  of vapor i za t ion  

Molecular weight of vapor 

G a s  cons tan t  

Rat io  of s p e c i f i c  h e a t s  i n  vapor, 

C P k J  

- .  

Value 

3.5 
8.95~10~ 
1. &io7 

200 

1800 

- -_ 

2.65~10~ 
6.05~10~~ 

50 
1.66~10~ 
1.4 1 



TABLE 111. - METEOR-TRACKING DATA FOR 0ND"WOV 

METEOR PEfBRAM (Ref. 4, t ab l e  7 )  

I t , sec  1 h / l  km 

0 
.8 5806" 
. 85602~  

1.7 3230 
2.49383 
2.69203 
3.067 58 

88 * 594,. 
76.289 
76.318" 

5 2 . 4 0  
50.164 
44.858 

63.837 

I ~~ 

The data a t  1 a 

v/105 cm sec-' 

20.887 +o .009 

20,860 f.. 007" 
20.838 k.013 

20.864 2.010" 

20.773 2.013 
20.717 k.Ol-3 
20.459 k.024 

lese t w o  points  
(both a t  about h = 76 km) were from 
t w o  d i f fe ren t  ro ta t ing  -shut ter  
cameras. The f i r s t  two points  on the 
tab le  are  from one camera, the  
remaining f i v e  points from the other  
camera. 

TABLE 1 V . -  CALCULATIONS I N  CONSTRUCTION OF DATA CURVE 

20 em 

-41.3 
-34.35 
-12.4 
31.5 

116.2 
269 

_-- 
25 em I 35 em 150 cm 

- - -  

-42.45 -43.65 -44.7 
-36.8 -39.7 -41.9 
-19.35 -27.2 -33.1 
15.8 -2.16 -15.5 
74.0 46.15 18.45 

205.3 133.2 79.5 
-_ 

54 



TABLE V. - VELOCITY AND ACCELERATION DATA FROM GRAPKTCALLY FITTED CURVES 

I lo5 e m  see-1 10-5 see-1  103 cm see-2 I dV/dh I -dV/dt 

90 
85 
80 
75 
70 
65 
60 
55 
50 
45. 
. .  

90 
85 
80 
75 
70 
65 
60 
55 
50 
45 

90- 
85 
80 
75 
70 
65 
60 
"5 5 
50 
45 

90 
85 
80 
75 
70 
65 
60 
55 
50 
45 

(4 r1 
.-  

20.877 
20.878 
20.8775 
20.874 
20.863 
20.842 
20.811 
20.767 
20.688 
20.468 

20.860 
20.861 
20.862 
20.860 
20.853 
20.841 
20.820 
20.783 
20.710 

. .~ . 

(b,  r- 
.- 

20.470 
. . - - . - - . 

-0.510 -. 310 

1.569 
3.985 

.33-55 

8.350 
10.60 
15.43 
31-97 

116.95 

170 
373 
527.5 
960 

2 , 160 
9,800 - 

( e )  rb* = 20 em 

20.8 59-- 
20.861 
20.862 
20.862 

20.848 
20.8285 

20.485 

20 - 8 575 

20.791 
20.714 

_ _  (Z) -I? 
26.8 58 5 
20.861 
20.862 
20.8615 
20.860 
20.853 
20.8375 
20.802 
20.711 
20.465 

- .  

~ . _. __ 
-41.3 

-12.4 
-34.35 

31-0 5 
116.2 
269 
533 

1,023 
2,300 

10,400 
* = 25 e m  

-42.45 
-36.8 
-19.35 
15.8 
74.0 

205 3 
445 

1,021 
2, 910 
7,150 ~ 

_ .  - 

- - .. 

_. - 

2.430 
5.340 
7.530 

13.670 
30.64 

1-37.4 

-0.590 
-. 4905 
- - 1773 

1.66 
3.84 
7.61 

14.56 
32.63 

.450 

145.8 

-0.606 -. 526 -. 2765 
.226 

1.059 
2.933 
6.360 

14.550 
44.100 

100.2 



TABLE V.- VELOCITY AND ACCELERATION DATA FROM GRAPHICALLY 

h 
1 km 

FITTED CURVES - Concluded 

v dV/dh -dV/dt 
105 cm sec-1 10-5 sec-1 103 cm seem2 

90 
85 
80 
75 
70 
65 
60 
55 
50 
45 

90 
85 
80 
75 
70 
65 
60 
55 
50 
45 

20.854 
20.8565 
20.858 
20.8585 
20.8 575 
20.852 
20.837 
20.800 
20.711 
20 * 4795 

* = 35 em 
3 

-43.65 
-39 0 7 
-27.2 

133.2 
480 
1080 
2750 
8340 

-2.16 
46.15 

(f) %* = 50 cm 

-0.624 
-. 567 -. 3885 -. 03085 
.660 
1 903 
6.855 
15.4 
39.0 
117.0 

20.852 

20.856 
20.854 

20.8575 
20.857 
20.854 
20.843 
20.812 
20.724 
20.480 

, . .  

-44.7 
-41.9 
-33.1 
-15.5 
18.45 
79.5 
373 
93 4 
2680 
8070 

-0.639 
-. 599 
- .473 -. 2215 
.264 
1.137 
5 - 325 
13.300 
38.00 
113.4 

NASA-Langley, 1968 - 12 A-2545 
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